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Preface

This second volume of the series “Lévy Matters” consists of two surveys of two
topical areas, namely Fractional Lévy Fields by Serge Cohen and the Theory of
Scale Functions for Spectrally Negative Lévy Processes by Alexey Kuznetsov,
Andreas Kyprianou and Victor Rivero.

Roughly speaking, irregularity is a crucial aspect of random phenomena that
appears in many different contexts. An important issue in this direction is to offer
tractable mathematical models that encompass the variety of observed behaviours in
applications. Fractional Lévy fields are constructed by integration of Lévy random
measures; somehow they interpolate between Gaussian and stable random fields.
They exhibit a number of interesting features including local asymptotic self-
similarity and multi-fractional aspects. Calibration techniques and simulation of
fractional Lévy fields constitute important elements for many applications.

A real-valued Lévy process is spectrally negative when it has no positive jumps.
In this situation, the distribution of several variables related to the first exit-time
from a bounded interval can be specified in terms of the so-called scale functions;
the latter also play a fundamental role in other aspects of the theory. Scale functions
are characterized by their Laplace transform, but in general no explicit formula
is known, and therefore it is crucial in many applications to gather information
about their asymptotic behaviour and regularity and to provide efficient numerical
methods to compute them.

Aarhus, Denmark Ole E. Barndorff-Nielsen
Zürich, Switzerland Jean Bertoin
Paris, France Jean Jacod
Munich, Germany Claudia Küppelberg
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From the Preface to Lévy Matters I

Over the past 10–15 years, we have seen a revival of general Lévy processes theory
as well as a burst of new applications. In the past, Brownian motion or the Poisson
process had been considered as appropriate models for most applications. Nowa-
days, the need for more realistic modelling of irregular behaviour of phenomena in
nature and society like jumps, bursts and extremes has led to a renaissance of the
theory of general Lévy processes. Theoretical and applied researchers in fields as
diverse as quantum theory, statistical physics, meteorology, seismology, statistics,
insurance, finance and telecommunication have realized the enormous flexibility
of Lévy models in modelling jumps, tails, dependence and sample path behaviour.
Lévy processes or Lévy-driven processes feature slow or rapid structural breaks,
extremal behaviour, clustering and clumping of points.

Tools and techniques from related but distinct mathematical fields, such as
point processes, stochastic integration, probability theory in abstract spaces and
differential geometry, have contributed to a better understanding of Lévy jump
processes.

As in many other fields, the enormous power of modern computers has also
changed the view of Lévy processes. Simulation methods for paths of Lévy
processes and realizations of their functionals have been developed. Monte Carlo
simulation makes it possible to determine the distribution of functionals of sample
paths of Lévy processes to a high level of accuracy.

This development of Lévy processes was accompanied and triggered by a series
of Conferences on Lévy Processes: Theory and Applications. The First and Second
Conferences were held in Aarhus (1999, 2002), the Third in Paris (2003), the Fourth
in Manchester (2005) and the Fifth in Copenhagen (2007).

To show the broad spectrum of these conferences, the following topics are taken
from the announcement of the Copenhagen conference:

• Structural results for Lévy processes: distribution and path properties
• Lévy trees, superprocesses and branching theory
• Fractal processes and fractal phenomena
• Stable and infinitely divisible processes and distributions
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viii From the Preface to Lévy Matters I

• Applications in finance, physics, biosciences and telecommunications
• Lévy processes on abstract structures
• Statistical, numerical and simulation aspects of Lévy processes
• Lévy and stable random fields

At the Conference on Lévy Processes: Theory and Applications in Copenhagen
the idea was born to start a series of Lecture Notes on Lévy processes to bear witness
of the exciting recent advances in the area of Lévy processes and their applications.
Its goal is the dissemination of important developments in theory and applications.
Each volume will describe state-of-the-art results of this rapidly evolving subject
with special emphasis on the non-Brownian world. Leading experts will present
new exciting fields, or surveys of recent developments, or focus on some of the
most promising applications. Despite its special character, each article is written
in an expository style, normally with an extensive bibliography at the end. In this
way each article makes an invaluable comprehensive reference text. The intended
audience are PhD and postdoctoral students, or researchers, who want to learn about
recent advances in the theory of Lévy processes and to get an overview of new
applications in different fields.

Now, with the field in full flourish and with future interest definitely increasing
it seemed reasonable to start a series of Lecture Notes in this area, whose individual
volumes will appear over time under the common name “Lévy Matters,” in tune with
the developments in the field. “Lévy Matters” appears as a subseries of the Springer
Lecture Notes in Mathematics, thus ensuring wide dissemination of the scientific
material. The mainly expository articles should reflect the broadness of the area of
Lévy processes.

We take the possibility to acknowledge the very positive collaboration with the
relevant Springer staff and the editors of the LN series and the (anonymous) referees
of the articles.

We hope that the readers of “Lévy Matters” enjoy learning about the high
potential of Lévy processes in theory and applications. Researchers with ideas for
contributions to further volumes in the Lévy Matters series are invited to contact
any of the editors with proposals or suggestions.

Aarhus, Denmark Ole E. Barndorff-Nielsen
Zürich, Switzerland Jean Bertoin
Paris, France Jean Jacod
Munich, Germany Claudia Küppelberg
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4 Lévy Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
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4.3 A Comparison of Lévy Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
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A Short Biography of Paul Lévy

A volume of the series “Lévy Matters” would not be complete without a short sketch
about the life and mathematical achievements of the mathematician whose name has
been borrowed and used here. This is more a form of tribute to Paul Lévy, who not
only invented what we call now Lévy processes, but also is in a sense the founder
of the way we are now looking at stochastic processes, with emphasis on the path
properties.

Paul Lévy was born in 1886 and lived until 1971. He studied at the Ecole
Polytechnique in Paris and was soon appointed as professor of mathematics in the
same institution, a position that he held from 1920 to 1959. He started his career as
an analyst, with 20 published papers between 1905 (he was then 19 years old) and
1914, and he became interested in probability by chance, so to speak, when asked
to give a series of lectures on this topic in 1919 in that same school: this was the
starting point of an astounding series of contributions in this field, in parallel with a
continuing activity in functional analysis.

Very briefly, one can mention that he is the mathematician who introduced
characteristic functions in full generality, proving in particular the characterization
theorem and the first “Lévy’s theorem” about convergence. This naturally led him
to study more deeply the convergence in law with its metric, and also to consider
sums of independent variables, a hot topic at the time: Paul Lévy proved a form
of the 0-1 law, as well as many other results, for series of independent variables.
He also introduced stable and quasi-stable distributions and unravelled their weak
and/or strong domains of attractions, simultaneously with Feller.

Then we arrive at the book Théorie de l’addition des variables aléatoires,
published in 1937, and in which he summaries his findings about what he called
“additive processes” (the homogeneous additive processes are now called Lévy
processes, but he did not restrict his attention to the homogeneous case). This book
contains a host of new ideas and new concepts: the decomposition into the sum of
jumps at fixed times and the rest of the process; the Poissonian structure of the jumps
for an additive process without fixed times of discontinuities; the “compensation”
of those jumps so that one is able to sum up all of them; the fact that the remaining
continuous part is Gaussian. As a consequence, he implicitly gave the formula
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xii A Short Biography of Paul Lévy

providing the form of all additive processes without fixed discontinuities, now
called the Lévy–Itô formula, and he proved the Lévy–Khintchine formula for the
characteristic functions of all infinitely divisible distributions. But, as fundamental
as all those results are, this book contains more: new methods, like martingales
which, although not given a name, are used in a fundamental way; and also a new
way of looking at processes, which is the “pathwise” way: he was certainly the first
to understand the importance of looking at and describing the paths of a stochastic
process, instead of considering that everything is encapsulated into the distribution
of the processes.

This is of course not the end of the story. Paul Lévy undertook a very deep
analysis of Brownian motion, culminating in his book Processus stochastiques et
mouvement brownien in 1948, completed by a second edition in 1965. This is a
remarkable achievement, in the spirit of path properties, and again it contains so
many deep results: the Lévy modulus of continuity, the Hausdorff dimension of
the path, the multiple points, and the Lévy characterization theorem. He introduced
local time, and proved the arc-sine law. He was also the first to consider genuine
stochastic integrals, with the area formula. In this topic again, his ideas have been
the origin of a huge amount of subsequent work, which is still going on. It also
laid some of the basis for the fine study of Markov processes, like the local time
again, or the new concept of instantaneous state. He also initiated the topic of
multi-parameter stochastic processes, introducing in particular the multi-parameter
Brownian motion.

As should be quite clear, the account given here does not describe the whole
of Paul Lévy’s mathematical achievements, and one can consult for many more
details the first paper (by Michel Loève) published in the first issue of the Annals
of Probability (1973). It also does not account for the humanity and gentleness of
the person Paul Lévy. But I would like to end this short exposition of Paul Lévy’s
work by hoping that this series will contribute to fulfilling the program, which he
initiated.

Paris, France Jean Jacod



Fractional Lévy Fields

Serge Cohen

Abstract In this survey, we would like to summarize most of the results concerning
the so-called fractional Lévy fields in a way as self-contained as possible. Beside the
construction of these fields, we are interested in the regularity of their sample paths,
and self-similarity properties of their distributions. It turns out that for applications,
we often need non-homogeneous fields that are only locally self-similar. Then we
explain how to identify those models from a discrete sample of one realization of
the field. At last some simulation techniques are discussed.

Mathematics Subject Classification 2000: Primary: 60G10 , 60G70 , 60J10
Secondary: 91B28, 91B84

Keywords Fractional fields • Lévy random measure • Random fields

1 Introduction

Irregular phenomena appear in various fields of scientific research: fluid mechanics,
image processing and financial mathematics, for example. Experts in those fields
often ask mathematicians to develop models, both easy to use, and relevant for
their applications. In this perspective, fractional fields are very often used to model
irregular phenomena. Among the huge literature devoted to the topic, one can refer
the reader to [1, 11, 12] for an overview of fractional fields for applications and of
related works.

One of the simplest model is the fractional Brownian motion introduced in [19],
and further developed in [25]. Simulation of the fractional Brownian motion is

S. Cohen (�)
Institut de Mathématiques de Toulouse, Université Paul Sabatier, Université de Toulouse, 118
Route de Narbonne 31062 Toulouse Cedex 9, France
e-mail: Serge.Cohen@math.univ-toulouse.fr; http://www.math.univ-toulouse.fr/∼cohen/

S. Cohen et al., Lévy Matters II, Lecture Notes in Mathematics 2061,
DOI 10.1007/978-3-642-31407-0 1, © Springer-Verlag Berlin Heidelberg 2012
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2 S. Cohen

now both theoretically and practically well understood (see [5] for a survey on
this problem). Many other fractional fields with heavy tailed marginals have been
proposed for applications, see Chap. 7 in [34] for an introduction to fractional stable
processes. More recently other processes that are neither Gaussian nor stable have
been proposed to model Internet traffic (cf. [10,17]). The common feature for many
of these fields, see also [3, 7, 21], is the fact that they are obtained by a stochastic
integration of a deterministic kernel with respect to some random measure. In terms
of models, we can think that the probabilistic structure of the irregular phenomena
(light or heavy tails for instance) is implemented in the random measure and the
correlation structure is built in the deterministic kernel. Engineers will have to try
many kernels and random measures before finding the more appropriate one for
their applications.

We start this survey with a reminder of the integration of deterministic function
with respect to random measures. Our goal in Sect. 2 is to provide a self-contained
introduction to Lévy random measures on R

d, which are used to construct fractional
fields. If you already know this topic you can skip this part. If it is not the case,
we recall also Poisson random measures that are a basic tool for the construction
of Lévy random measures, and stable random measures, which are a limit case.
In Sect. 3, we consider stable fractional fields, starting from Gaussian fractional
fields. Actually the Gaussian case (including the celebrated fractional Brownian
motion) is an historical motivation to introduce other fractional fields. We also
consider in this part fractional stable fields, which are non-Gaussian, and which
are also self-similar. To have additional information on these fields, we refer the
interested reader to [34]. In Sect. 4 we study the main topic of this survey: Fractional
Lévy fields which are neither Gaussian nor stable. They enjoy interesting properties
for modelization purposes that make them an intermediate case between stable
and Gaussian fractional fields. On the one hand, they inherit from their Gaussian
ancestors second order moments and they have actually the same covariance
structure as fractional Brownian fields. On the other hand, their sample paths
have very different regularities, when they are of moving average type and of
harmonizable type. Moreover they are intermediate between Gaussian and Stable
fields in the sense of the asymptotic self-similarity, which is also defined in this
section. Roughly speaking scaling limits at infinity or at zero of Lévy fractional
fields are sometimes Gaussian or stable fractional fields. All these properties are
studied in details in this section, which is concluded by a generalization of fractional
fields to multifractional fields. Basically “fractional” means that a single index
0 < H < 1 describes the distribution of the sample paths. Sometime for application,
one would like to have the index H dependent on the location, and in this case, the
index becomes a function. It is the main motivation for “multifractional” Lévy fields.
An important feature of (multi)fractional Lévy fields is the fact that the fractional
index or the multifractional function can be estimated asymptotically with only
one discretized observation of a sample path. It is a very convenient property of
these models, which is explained in Sect. 5, and, which helps engineers to calibrate
the parameters to mimic their experimental data. In Sect. 6 a generic simulation
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technique is provided to have computer simulations of the fields introduced in the
previous section, and it helps to understand qualitatively fractional fields.

2 Random Measures

2.1 Poisson Random Measure

In this article, we are using Poisson measures to build stable and Lévy measures.
A Poisson random measure N on a measurable state space (S,S ), endowed
with deterministic measure n, is an independently scattered σ-additive set function
defined on S0 = {A ∈ S s. t. n(A) < +∞}. Thus, for A ∈ S0, the random
variable N(A) has a Poisson distribution with mean n(A)

P(N(A) = k) = e−n(A) (n(A))k

k!

for k = 0, 1, 2, . . . . The measure n is called the mean measure of N. Moreover
the Poisson random measure N is independently scattered in the following sense.

Definition 2.1. A random measure M is independently scattered, if for a
finite number of sets {Ai}j∈J that are pairwise disjoint, the random variables
(M(Aj))j∈J are independent.

Furthermore the Poisson random variables have expectation and variance given
by their mean i.e.

E(N(A)) = varN(A) = n(A)

for every A ∈ S0. Their characteristic function is easily computed

E(eivN(A)) = exp
(
n(A)(eiv − 1)

)

for every v ∈ R.
Our goal is to build Lévy (symmetric or complex isotropic) random measures

M(ds) to define fractional Lévy fields. The first step in that direction is to define
a stochastic integral with respect to Poisson measures. In this article, the Poisson
measures used to build Lévy random measure are compensated. Let us define
compensated Poisson measures on R

d × R with mean measure n(ds , du)

Ñ = N − n.

The additional variable u is used in Sect. 2.2 and its meaning will be explained there.
Then for every function ϕ : R

d × R → R such that ϕ ∈ L2(Rd × R, n) the
stochastic integral
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∫

Rd×R

ϕ(s, u)Ñ(ds , du) (1)

is defined as the limit in L2(Ω) of

∫

Rd×R

ϕk(s, u)Ñ(ds , du),

where ϕk is a simple function of the form
∑

j∈J aj1Aj , where J is finite. Then

∫

Rd×R

∑

j∈J

aj1Aj Ñ(ds , du)
def
=
∑

j∈J

ajÑ(Aj),

where the Poisson random variables N(Aj) have intensity n(Aj) and are in-
dependent since the sets Aj are supposed pairwise disjoint. Consequently the
characteristic function Φ(v) of

∑
j∈J ajÑ(Aj) is

Φ(v) = exp

⎡

⎣
∑

j∈J

n(Aj)(e
iajv − 1 − iajv)

⎤

⎦ ,

and the convergence in L2(Ω) implies that the characteristic function of the
stochastic integral is ∀v ∈ R

E exp

(
iv

∫
ϕdÑ)

)
= exp

[∫

Rd×R

[exp(ivϕ) − 1 − ivϕ]n(ds , du)

]
. (2)

Moreover varN(A) = n(A) yields

E

(∫

Rd×R

ϕ(s, u)Ñ(ds , du)

)2

=

∫

Rd×R

ϕ2(s, u)n(ds , du), (3)

first for simple functions, then for every ϕ(s, u) ∈ L2(n(ds , du)).
Please note that as Poisson random measure, compensated Poisson random

measure are independently scattered.
We will extend the definition of the integral of a function ϕ with respect to a

compensated Poisson measure in Sect. 6.2 when ϕ /∈ L2.

2.2 Lévy Random Measure

With the help of the compensated Poisson random measure, we will define Lévy
random measure for which the control measure has a finite moment of order 2.
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It is not the case of stable Lévy measure, but the random stable measures are defined
as limits of such Lévy measures, which are also useful to construct locally self-
similar fields considered in the Sect. 4. Let us take a control measure μ such that

∫

R

|u|pμ(du) < ∞ ∀p ≥ 2. (4)

Then, a Poisson random measure Ñ is associated with the mean measure
n(ds , du) = dsμ(du), and for every function f ∈ L2(Rd, ds) one can define

∫

Rd

f(s)M(ds)
def
=

∫

Rd×R

f(s)uÑ(ds , du), (5)

since f(s)u ∈ L2(Rd, dsμ(du)).
Actually the name “Lévy” comes from the fact that in dimension d = 1, this

random Lévy measure is related to the increments of processes with stationary and
independent increments, which are called Lévy processes.

Let us recall the Lévy Kintchine formula (See for instance [29] Theorem 42
and 43), which yields the characteristic function of a Lévy process (Xt)t∈R) with
Lévy measure μ:

∀t ∈ R, E(exp(ivXt)) = exp(−tψ(v)), (6)

where ∀v ∈ R

ψ(v) =
σ2

2
v2 − ibv +

∫

|x|≥1

(1 − eivx )μ(dx) +

∫

|x|<1

(1 − eivx + ivx )μ(dx). (7)

In (7), the terms on the right hand correspond to a decomposition of the Lévy process
itself in three processes: a Brownian motion with variance σ2, a deterministic
process, and a “jump” process, which corresponds to the last two integrals. In
particular the Lévy measure μ in (7) satisfies

∫
inf(1, x2)μ(dx) < ∞, and can

be viewed as the expectation of random measure related to the jumps of X. Last
every infinitely divisible random variable can be obtained as the marginal at time
t = 1 of a Lévy process.

Then one can easily compute the characteristic function of the random variable
defined by the integral in (5) and check that this variable is infinitely divisible.

Moreover one can consider heuristically uÑ(ds , du) as the derivative of some
Lévy fields. If you agree with this picture, and you assume that the random measure
Ñ(ds , du) contains a Dirac mass at point (s(ω), u(ω)), then you may think of u(ω)
as the “jump” of the Lévy field at point s(ω).

To illustrate further the relationship between Lévy measure and Lévy processes,
let us remark that the process

X(t) =

∫

R

1[0,t](s)M(ds), t ≥ 0
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is a Lévy process. Since the Poisson measures are independently scattered, the
process has independent increments. The mean measure of the compensated Poisson
measure used to construct Lévy or stable random measures is the Lebesgue measure,
the characteristic function (2) implies the stationarity of the increments. Moreover,
one can deduce from the Lévy Kintchine formula that the (non-random) Lévy
measure of the Lévy process is μ.

Let us now state an isometry property for Lévy random measure:

E

(∫

Rd

f(s)M(ds)

)2

=

∫

R

u2μ(du)‖f‖2L2(Rd), (8)

which is a consequence of (3). When A is a Borel set of Rd with finite Lebesgue
measure, we will denote by M(A) the random variable M(1A).

Please note that Lévy random measure are independently scattered in the sense
of Definition 2.1.

2.3 Real Stable Random Measure

In this article we will also consider the special instance of stable random variables
(or stable measures). Let us recall characteristic functions of symmetric α-stable
random variables X

E(eivX) = exp (−σα|v|α) ,

where 0 < α < 2, and where σ is called the scale factor. Please note that the
case α = 2 formally corresponds to the Gaussian case. Because of harmonizable
representations, we will also need complex valued stable variables. Let us intro-
duce complex isotropic stable variablesX1 + iX2, their characteristic functions are
given by:

E(ei(v1X1+v2X2)) = exp
(
−σα(v21 + v22)

α/2
)
.

At this point, the α-stable symmetric random measure Mα will be defined as a
limit of Lévy random measures Mα,R(ds). Let us consider f ∈ Lα(Rd) ∩ L2(Rd),
then, for any positive numberR, the integral on the left hand side

∫

Rd

f(s)Mα,R(ds)
def
=

∫

Rd×R

f(s)uÑR(ds , du) (9)

is defined by the integral on the right hand side, where the mean measure of NR is
nR(ds , du) =

1|u|≤R

|u|1+α dsdu. Roughly speaking,Mα,R is a stable measure where the

“big jumps” have been truncated. Let us now check that
∫
Rd f(s)Mα,R(ds) con-

verges in distribution, when R → +∞, to a symmetric α-stable random variable,

which scale factor is given by
(∫

Rd |f(s)|αds)1/α . The limit will be denoted by
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∫
Rd f(s)Mα(ds). The random measure Mα(ds) is called a random stable measure

and we shall only consider in this article symmetric random stable measure. Let
us give a formal definition of a symmetric random stable measure (in short SαS
random measure).

Definition 2.2. Let (E,E ,m) be a measurable space with a sigma finite mea-
sure m. A symmetric random stable measure Mα satisfies that for every E -
measurable function f such that

∫
E |f |αdm < ∞,

∫
E f(s)Mα(ds) is a symmetric

random variable with scale factor
(∫

E
|f |αdm)1/α . MoreoverMα is assumed to be

independently scattered.

In this article, symmetric random stable measure will be limit of Lévy random
measure.

Lemma 2.3. For all functions f ∈ Lα(Rd) ∩ L2(Rd), the limit in distribution

lim
R→+∞

∫

Rd

f(s)Mα,R(ds)

exists. Moreover, the limit in distribution is the distribution of an α-stable random

variable with scale factor
(
C(α)

∫
Rd |f(s)|αds)1/α , where

C(α) =
π

2αΓ (α) sin(πα2 )
, (10)

where Γ is the classical Gamma function.

Proof. Because of (2),

− log

(
E exp

(
iv

∫
f(s)Mα,R(ds))

))

=

∫

Rd×R

[1 − exp(ivf(s)u) + ivf(s)u]ds
1|u|≤Rdu

|u|1+α
. (11)

Moreover, for 0 < α < 2,

C(α)|x|α =

∫

R

[1 − eixu + ixu1|u|≤R]
du

|u|1+α
, (12)

for every x ∈ R, where the constant C(α) is given by letting x = 1 in (12) and it
does not depend on R. Hence

C(α) =

∫

R

(1 − cos(u))

|u|1+α
du

=
π

2αΓ (α) sin(πα2 )
.
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This formula for C(α) can be deduced for instance from 7.2.13 p. 328 in [34].
Hence,

C(α)|v|α
∫

Rd

|f(s)|αds =

∫

Rd

ds

∫

R

[1 − eif (s)vu + if (s)vu1|u|≤R]
du

|u|1+α
. (13)

Then,

− C(α)|v|α
∫

Rd

|f(s)|αds − log

(
E exp

(
iv

∫
f(s)Mα,R(ds))

))

= −
∫

Rd

ds

∫

R

du

|u|1+α
(1 − eif (s)vu)1|u|>R.

Please note that the last line is negative and finite for any R > 0. Hence,
it converges to 0 by monotone convergence. Consequently the convergence in
distribution is established and

log

(
E exp

(
iv

∫
f(s)Mα(ds))

))
= −C(α)|v|α

∫

Rd

|f(s)|αds . (14)

	

Definition 2.4. For all functions f ∈Lα(Rd) ∩ L2(Rd), we denote by

∫
Rd f(s)

Mα(ds)

lim
R→+∞

∫

Rd

f(s)Mα,R(ds).

Actually
∫
Rd f(s)Mα(ds) is defined for every function f ∈ Lα(Rd) since

Lα(Rd) ∩ L2(Rd) is dense in Lα(Rd). At this point it is not clear that∫
Rd f(s)Mα(ds) does define an α-symmetric stable random measure in the

sense of Definition 2.2. But the integration with respect to Mα(ds) could be
defined as a stochastic field (

∫
Rd f(s)Mα(ds))f∈Lα parameterized by Lα as

in Sect. 3.2 in [34], since the proof of Lemma 2.3 can be carried for any
finite number of functions f1, . . . , fk ∈ Lα(Rd). Moreover the independent
scattering property is a consequence of the same property for Lévy random
measures, which is a direct consequence of the independent scattering for random
Poisson measures. We omit the complete proof but we claim that there exists an
α-symmetric stable random measure Mα(ds) in the sense of Definition 2.2 such

that limR→+∞
∫
Rd f(s)Mα,R(ds)

(d)
=
∫
Rd f(s)Mα(ds).

2.4 Complex Isotropic Random Measure

In the Sect. 3, we have to construct a complex isotropic α-stable random measure
to define a self-similar field. Let us sketch the various steps that allow us to define



Fractional Lévy Fields 9

this random measure starting from a complex Poisson random measure. Since this
construction is parallel to the one in the real case, we do not give details.

Let us consider an isotropic control measure on the complex field μ(dz). Isotropy
means that, if P is the map P (ρ exp(iθ)) = (θ, ρ) ∈ [0, 2π) × (0,∞), then

P (μ(dz)) = dθμρ(dρ) (15)

where dθ is the uniform measure on [0, 2π).We still assume that
∫

C

|u|pμ(du) < ∞ ∀p ≥ 2, (16)

and we consider the associated Poisson random measure Ñ = N − n, where N is
a Poisson random measure on R

d × C with mean measure n(dξ, dz) = dξμ(dz).
Similarly to the real case, one can define a stochastic integral for every complex
valued function ϕ ∈ L2(C × R

d, dξμ(dz)) denoted by
∫

Rd×C

ϕ(ξ, z)Ñ(dξ, dz). (17)

If ϕ is real valued so is
∫
ϕdÑ, and if �(z) denotes the real part of a complex z,

then �(
∫
ϕdÑ ) =

∫ �(ϕ)dÑ , the same property is true for the imaginary part �
of stochastic integrals. Furthermore, for every u, v ∈ R,

E exp

(
i(u

∫
�(ϕ)dÑ + v

∫
�(ϕ)dÑ )

)

= exp[

∫

Rd×C

[exp(i(u�(ϕ) + v�(ϕ))) − 1 − i(u�(ϕ) + v�(ϕ))]dξμ(dz)].

(18)

Like real random Poisson measures, complex Poisson measures satisfy an
isometry property

E

∣
∣
∣
∣

∫

Rd×C

ϕ(ξ, z)Ñ(dξ, dz)

∣
∣
∣
∣

2

=

∫

Rd×C

|ϕ(ξ, z)|2n(dξ, dz), (19)

where |ϕ(ξ, z)| is the complex modulus of the complex number ϕ(ξ, z). This
property is obvious for simple functions of the form

∑
j∈J aj1Aj and is trivially

extended to functions in L2 by letting a sequence of simple functions converges to
everyL2 function. One can now define the complex isotropic Lévy random measure:

Definition 2.5.
∫

Rd

f(ξ)M(dξ) =

∫

Rd×C

[f(ξ)z + f(−ξ)z̄]Ñ(dξ, dz) (20)

for every function f : Rd → C where f ∈ L2(Rd).
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One can first state some elementary properties of the integral defined in (20). When

∀ξ ∈ R
d, f(−ξ) = f(ξ), (21)

the following integral is a real number since

∫

Rd

f(ξ)M(dξ) =

∫

Rd×C

2�(f(ξ)z)Ñ(dξ, dz) (22)

= 2�
(∫

Rd×C

f(ξ)zÑ(dξ, dz)

)
. (23)

When f satisfies (21), for every measurable odd function a,

∫
f(ξ) exp(ia(ξ))M(dξ)

(d)
=

∫
f(ξ)M(dξ) (24)

is a consequence of (18). Moreover stochastic integrals have symmetric distribu-
tions:

−
∫
f(ξ)M(dξ)

(d)
=

∫
f(ξ)M(dξ). (25)

Then an isometry property for the Lévy measure M(dξ), when f satisfies (21),

E|
∫

Rd

f(ξ)M(dξ)|2 = 4π‖f‖2L2(Rd)

∫ +∞

0

ρ2μρ(dρ) (26)

holds, it is a consequence of (19). The properties of complex valued random Lévy
measures are proved below

1. Let us compute the characteristic function of
∫
f(ξ)M(dξ), which is denoted by

Φ(u, v) = E exp

(
i(u�

∫
f(ξ)M(dξ) + v�

∫
f(ξ)M(dξ))

)
.

Because of Definition 2.5, and of (18),

Φ(u, v) = E exp

(
i(u

∫
�(f(ξ)z + f(−ξ)z̄)Ñ(dξ, dz)

+v

∫
�(f(ξ)z + f(−ξ)z̄)Ñ(dξ, dz))

)

= exp

(∫

Rd×C

[exp(gu,v(ξ, z)) − 1 − gu,v(ξ, z)]dξdμ(z)

)
,
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where gu,v(ξ, z)) = i(u�(f(ξ)z + f(−ξ)z̄) + v�(f(ξ)z + f(−ξ)z̄). Then,

log(Φ(u, v))=

∫

Rd×[0,2π]×R
+
∗
[exp(gu,v(ξ, ρe

iθ)) − 1 − gu,v(ξ, ρe
iθ)]dξdθμρ(dρ).

If we replace f by −f in gu,v, one can rewrite the product −f(ξ)ρeiθ =
f(ξ)ρei(θ+π). Hence, the characteristic function of

∫
f(ξ)M(dξ) is the same

as the characteristic function of − ∫ f(ξ)M(dξ), because of the invariance of
the measure dθ with respect to the translation of magnitude π.

2. Please note that both integrals − ∫ f(ξ)M(dξ) and
∫
f(ξ) exp(ia(ξ))M(dξ) are

real valued. Then the log-characteristic function of
∫
f(ξ) exp(ia(ξ))M(dξ)

Φ(u) = log

(
E exp

(
i(u

∫
f(ξ) exp(ia(ξ))M(dξ))

))

is given by

∫

Rd×[0,2π]×R
+
∗
[exp(iu2�(f(ξ)eia(ξ)ρeiθ)) − 1

− iu2�(f(ξ)eia(ξ)ρeiθ)]dξdθμρ(dρ).

It is equal to log
(
E exp

(
i(u
∫
f(ξ)M(dξ))

))
because of the invariance of the

measure dθ with respects to the translation of magnitude a(ξ).
3. Because of (19)

E|
∫

Rd

f(ξ)M(dξ)|2 = E|
∫

Rd×C

2�(f(ξ)z)Ñ(dξ, dz)|2

= 4

∫

Rd×C

�(f(ξ)ρeiθ)2dξμ(dρ)dθ

= 4

∫ +∞

0

ρ2μρ(dρ)

∫

Rd

|f(ξ)|2dξ
∫

[0,2π]

�(eiθ)2dθ

= 4π‖f‖2L2(Rd)

∫ +∞

0

ρ2μρ(dρ).

Hence we get (26).

Actually the characteristic function (18) allows us to compute every moments of
the stochastic integrals

∫
f(ξ)M(dξ).

Proposition 2.6. If f ∈L2(Rd)
⋂
L2p(Rd), and f satisfies (21), then

∫
f(ξ)M(dξ)

is in L2p(Ω). Moreover
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E

(
(

∫
f(ξ)M(dξ))2p

)
=

p∑

n=1

(2π)n

∑

Pn

n∏

q=1

(2mq)!‖f‖2mq

2mq

∫ +∞
0 ρ2mqμρ(dρ)

(mq!)
, (27)

where
∑

Pn
stands for the sum over the set of partitions Pn of {1, . . . , 2p} in n

subsetsKq such that the cardinality ofKq is 2mq, withmq ≥ 1, and, where ‖f‖2mq

is the L2mq (Rd) norm of f.

Proof. An expansion in power series of both sides of (18) yields the result. Let us
sketch the beginning of the computations. We can write

E exp

(
i(u

∫
f(ξ)M(dξ))

)
= exp

(∫

Rd×C

[exp(iu2�(f(ξ)z)) − 1

− iu2�(f(ξ)z)]dξμ(dz)

)

= exp

(∫

Rd×C

∞∑

k=2

(iu2�(f(ξ)z))k

k!
dξμ(dz)

)

=

∞∑

l=0

( ∞∑

k=2

∫

Rd×C

(iu2�(f(ξ)z))kdξμ(dz)

k!

)l

/l!

and we get on the right hand side (after tedious computations) the coefficient of un,
which is the nth-moment of

∫
f(ξ)M(dξ). It yields eventually (27). 	


One can also define a complex isotropic α-stable random measure as a limit
of complex isotropic Lévy random measures. Let us consider a complex isotropic
random Lévy measures Mα,R associated to nR(dξ, dz) = dξ dz

|z|1+α1|z|≤R, one can
prove a lemma similar to Lemma 2.3.

Lemma 2.7. For all functions f ∈ Lα(Rd) ∩L2(Rd), that satisfy (21), the limit in
distribution of:

lim
R→+∞

∫

Rd

f(ξ)Mα,R(dξ) (28)

exists. Moreover the limit in distribution is a real valued α-stable random variable
with scale factor

(
C(α)2α−1

∫ 2π

0

| cos(θ)|αdθ
∫

Rd

|f(ξ)|αdξ
)1/α

,

where C(α) is defined in (10).
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Proof. Let consider for u ∈ R the characteristic function

− log

(
E exp

(
iu

∫
f(ξ)Mα,R(dξ)

))

=

∫

Rd×[0,2π]×(0,+∞)

[exp(iuρ2�(f(ξ)eiθ))−1−iuρ2�(f(ξ)eiθ)]1|ρ|≤Rdξdθ
dρ

ρ1+α
.

As in Lemma 2.3, one can show that

lim
R→∞

− log

(
E exp

(
iu

∫
f(ξ)Mα,R(dξ)

))

=
C(α)

2
|u|α

∫

Rd

∫ 2π

0

|2�(f(ξ)eiθ|αdξdθ,

which can also be written

C(α)2α−1

∫ 2π

0

| cos(θ)|αdθ
∫

Rd

|f(ξ)|αdξ.

	

Definition 2.8. For all functions f ∈Lα(Rd)∩L2(Rd), we denote by

∫
Rd f(ξ)

Mα(dξ)

lim
R→+∞

∫

Rd

f(ξ)Mα,R(dξ).

Please note that this definition can be extended to f ∈ Lα(Rd) in a similar way
as in Sect. 2.3.

3 Stable Fields

3.1 Gaussian Fields

Historically, the most celebrated fractional process is the fractional Brownian
motion introduced in [19, 25]. It is a Gaussian process and a very large literature
is devoted to Gaussian fractional fields. See [9] for an introduction to Gaussian
fractional fields. In this survey the focus is on non-Gaussian fractional fields, but
since most of the concepts are motivated by Gaussian fields, we have to recall some
facts concerning fractional Brownian motion starting with the definition.
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Definition 3.1. Fractional Brownian fields (in short fBf) are centered Gaussian
fields and their covariances are given by

R(x, y) =
C

2
{‖x‖2H + ‖y‖2H − ‖x− y‖2H}, (29)

where C > 0.

Hence the word “fractional” can be related to the covariance structure of the fields
in the sense that a fractional power is used to define the covariance. But this
way of thinking is a bit shallow, and not easily extended to fields, which are not
square integrable. To go further, one can use integrable representations of fractional
Brownian fields, which are related to some “fractional” integration, which is a
deeper explanation of the vocabulary. Actually there exist two representations. First
the moving average representation of fractional Brownian fields

BH(t)
(d)
=

∫

Rd

[
‖t− s‖H−d/2 − ‖s‖H−d/2

]
W (ds), (30)

for 0 < H < 1; H 
= d
2 . The notation (X(t))t∈Rd

(d)
= (Y (t))t∈Rd means that for

every n ≥ 1 and t1, . . . , tn ∈ R
d

(Xt1 , . . . , Xtn)
(d)
= (Yt1 , . . . , Ytn). (31)

We also have the harmonizable representation

X(x)
(d)
=

∫

Rd

e−ix.ξ − 1

‖ξ‖H+d/2
Ŵ (dξ), (32)

where both representations are using random Brownian measures, and we refer the
reader to the Chap. 2 in [9] for definitions and discussions of these random measures.
Since we will use other measures in this survey, we will not give details here on this
topic. Let us also recall some properties of the fractional Brownian fields that they
share with some non-Gaussian fractional fields. Fractional Brownian fields have
homogeneous distributions at least in two senses. First they are with stationary
increments, which makes them easier to study from a theoretical point of view,
but which can be a drawback, when one wants to model data that are not stationary.
Anyway, let us a give a definition of fields with stationary increments.

Definition 3.2. A field (X(t))t∈Rd such that ∀s ∈ R
d

(X(t+ δ) −X(s+ δ))t∈Rd

(d)
= (X(t) −X(s))t∈Rd (33)

is called with stationary increments.



Fractional Lévy Fields 15

Second, fractional Brownian fields are self-similar with index H, which means that

(X(εx))x∈Rd

(d)
= εH(X(x))x∈Rd . (34)

Here again we have a fractional power and another motivation for the word
fractional. Moreover sample paths of fractional Brownian fields enjoy also almost
surely regularity properties.

Theorem 3.3. For every H ′ < H there exists a modification of a fBf BH such that

P

⎛

⎜
⎝ sup

|s−t|<ε(ω)
|s|≤1, |t|≤1

(
BH(s) −BH(t)

|s− t|H′

)
≤ δ

⎞

⎟
⎠ = 1, (35)

where ε is positive random variable and δ > 0. Moreover the pointwise Hölder
exponent for every t ∈ R

sup{H ′, lim
ε→0

BH(t+ ε) −BH(t)

|ε|H′ = 0} = H (36)

almost surely.

First we recall the classical definition of a modification and we don’t go in further
details on this point.

Definition 3.4. Modification.
A field Y is a modification of a field X if, for every t, P(Xt = Yt) = 1.

The first part of the theorem claims that the sample paths of the fractional
Brownian motion are almost surely locally Hölder continuous for every H ′ < H,
and (36) means that the sample paths are not H− Hölder continuous. Therefore
some definitions are introduced.

Definition 3.5. Let f : R
d �→ R be a function such that there exist C > 0 and

0 < H < 1 so that

|f(t) − f(u)| ≤ C‖t− u‖H ∀t, u ∈ R
d.

The function f is called H-Hölder continuous. The set of H-Hölder continuous
functions on [0, 1]d is denoted by C H .

Unfortunately the conclusion of many theorems like Theorem 3.3 is only that the
sample paths are locally Hölder continuous, which means that their restrictions to
every compact sets is H-Hölder continuous.
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Definition 3.6. Let f : Rd �→ R be a function such that on every compact set K
there exist a constant C(K) > 0 depending only on K, and 0 < H < 1 so that

|f(t) − f(u)| ≤ C(K)‖t− u‖H ∀t, u ∈ K.

The function f is called locally H-Hölder continuous.

Please note that if H ′ < H, H-Hölder continuous functions are H ′-Hölder con-
tinuous. The same property is true locally. Hence if we know that a function is
H-Hölder continuous, one can wonder what is the best H. These considerations
lead to the definition of Hölder exponents that can have different natures: global,
local or pointwise. In this survey we will only be concerned with pointwise Hölder
exponents.

Definition 3.7. A real valued function f defined in a neighborhood of t, has a
pointwise Hölder exponentH if

H(x) = sup{H ′, lim
‖ε‖→0

f(t+ ε) − f(t)

‖ε‖H′ = 0}. (37)

3.2 Non-Gaussian Fields

In this section we will introduce stable self-similar fields. Through these examples
we would like to recall that self-similar fields need not to be Gaussian or even to
have finite expectation and variance. The interested reader can complete this quick
introduction with [34].

3.2.1 Moving Average Fractional Stable Fields

To construct a moving average type of self-similar fields, let us recall the moving
average representation of fractional Brownian fields (30) It will be the starting point
of moving average fractional stable field (in short mafsf).

Definition 3.8. For 0 < H < 1, andH 
= d
α , a field (XH(t))tRd is called a moving

average fractional stable field if it admits

XH(t)
(d)
=

∫

Rd

[
‖t− s‖H−d/α − ‖s‖H−d/α

]
Mα(ds), (38)

where Mα is a real symmetric random stable measure defined in Definition 2.2.

When we compare (30) and (38), we remark that the fractional power H − d/2 has
been replaced byH−d/α,which is consistent with the rule of the thumb that claims
that Gaussian variables correspond to α = 2.
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Proposition 3.9. For 0 < H < 1, and H 
= d
α , the moving average fractional

stable motion is well defined by the formula (38) and it is a H-self-similar field with
stationary increments.

Proof. To show that the integral in (38) is well defined, we have to check that:

∫

Rd

∣
∣
∣‖t− s‖H−d/α − ‖s‖H−d/α

∣
∣
∣
α

ds < ∞. (39)

The integral may diverge when ‖s‖ → ∞, ‖s‖ → 0 or s → t. Let us rewrite the
integral in (39)

∫

Sd

∫ ∞

0

∣
∣
∣‖t− ρu‖H−d/α − ‖ρu‖H−d/α

∣
∣
∣
α

ρd−1dρdσ(u), (40)

where σ is the surface measure on the unit sphere Sd. When ‖s‖ → ∞ or ρ → ∞,

∣
∣
∣‖t− ρu‖H−d/α − ‖ρu‖H−d/α

∣
∣
∣
α

= |H − d/α|αρHα−d−αt.u+ o(ρHα−d−α).

The integral in (40) is convergent when ρ → ∞ since H < 1.
When ‖s‖ → 0, if H > d/α the integrand is bounded, else

∣∣
∣‖t− ρu‖H−d/α − ‖ρu‖H−d/α

∣∣
∣
α

∼ ρ(Hα−d)

and the integral in (40) is convergent when ρ → 0 since 0 < H.
The convergence when s → t is obtained as in the case ‖s‖ → 0.
Let us check now the stationarity of the increments. Let θ = (θ1, . . . , θn) and

t = (t1, . . . , tn) ∈ (Rd)n, the logarithm of characteristic function of the increments
of the mafsf is:

− log

⎛

⎝E exp

⎛

⎝i
n∑

j=2

θj(XH(tj) −XH(t1))

⎞

⎠

⎞

⎠

=

∫

Rd

∣
∣
∣
∣∣
∣

n∑

j=2

θj(‖tj − s‖H−d/α − ‖t1 − s‖H−d/α)

∣
∣
∣
∣∣
∣

α

ds .

Hence, it is clear that for every δ ∈ R
d

(XH(t2) −XH(t1), . . . , XH(tn) −XH(t1))

(d)
= (XH(t2 + δ) −XH(t1 + δ), . . . , XH(tn + δ) −XH(t1 + δ)).
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Since, for every ε > 0,

− log

⎛

⎝E exp

⎛

⎝i
n∑

j=1

θj(XH(εtj)

⎞

⎠

⎞

⎠

=

∫

Rd

∣
∣
∣
∣∣
∣

n∑

j=1

θj(‖εtj − s‖H−d/α − ‖s‖H−d/α)

∣
∣
∣
∣∣
∣

α

ds .

By letting s′ = εs, we get

− log

⎛

⎝E exp

⎛

⎝i
n∑

j=1

θj(ε
HXH(tj)

⎞

⎠

⎞

⎠ = − log

⎛

⎝E exp

⎛

⎝i
n∑

j=1

θj(XH(εtj)

⎞

⎠

⎞

⎠ ,

which yields the self-similarity property. 	


3.2.2 Real Harmonizable Fractional Stable Fields

One can easily construct a stable counterpart of the harmonizable representa-
tion (32) of the fractional Brownian motion. In this article we focus on real valued
harmonizable process. We recall that the limit (28)

lim
R→+∞

∫

Rd

f(ξ)Mα,R(dξ)

is our definition of
∫
Rd f(ξ)Mα(dξ) for every function f ∈ Lα(Rd) that satis-

fies (21). Up to a normalization constant, it is consistent with Theorem 6.3.1 in [34].
Then, one can define the real harmonizable fractional stable field (in short rhfsf).

Definition 3.10. A field (XH(x))xRd is called real harmonizable fractional stable
field if

XH(x)
(d)
=

∫

Rd

e−ix.ξ − 1

‖ξ‖H+d/α
Mα(dξ). (41)

This last definition is the stable counterpart of the harmonizable representation of
the fractional Brownian motion (32) whereH+1/2 has been replaced byH+d/α,
and where the normalizing constant CH has been dropped. One can also prove the
following proposition.

Proposition 3.11. The real harmonizable fractional stable field is well defined by
the formula (41) and it is a H-self-similar field with stationary increments.
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Proof. To show that the integral in (41) is well defined we have to check that:

∫

Rd

∣
∣
∣
∣
e−ix.ξ − 1

‖ξ‖H+d/α

∣
∣
∣
∣

α

dξ < ∞. (42)

The integral may diverge when ‖ξ‖ → ∞, ‖ξ‖ → 0.
The integral in (42) is convergent when ‖ξ‖ → ∞ since H > 0.
When ‖ξ‖ → 0 ∣

∣
∣∣
e−ix.ξ − 1

‖ξ‖H+d/α

∣
∣
∣∣

α

≤ C‖ξ‖α−Hα−d

and the integral in (42) is convergent when ‖ξ‖ → 0 since H < 1.
Let us check now the stationarity of the increments. Let θ = (θ1, . . . , θn)

and x = (x1, . . . , xn) ∈ (Rd)n, the logarithm of characteristic function of the
increments of the rhfsf is:

− log

⎛

⎝E exp

⎛

⎝i
n∑

j=2

θj(XH(xj) −XH(x1))

⎞

⎠

⎞

⎠

=

∫

Rd

∣
∣
∣
∣
∣∣

n∑

j=2

θj
e−ixj .ξ − e−ix1.ξ

‖ξ‖H+d/α

∣
∣
∣
∣
∣∣

α

dξ

=

∫

Rd

∣
∣
∣∣
∣
∣

n∑

j=2

θj
e−ixj .ξ − 1

‖ξ‖H+d/α

∣
∣
∣∣
∣
∣

α

dξ.

Hence, it is clear that for every δ ∈ R
d

(XH(x2) −XH(x1), . . . , XH(xn) −XH(x1))

(d)
= (XH(x2 + δ) −XH(x1 + δ), . . . , XH(xn + δ) −XH(x1 + δ)).

Since, for every ε > 0,

− log

⎛

⎝E exp

⎛

⎝i
n∑

j=1

θj(XH(εxj)

⎞

⎠

⎞

⎠ =

∫

Rd

∣
∣
∣
∣∣
∣

n∑

j=1

θj
e−iεxj .ξ − 1

‖ξ‖H+d/α

∣
∣
∣
∣∣
∣

α

ds .

By letting ξ′ = εξ, we get

− log

⎛

⎝E exp

⎛

⎝i
n∑

j=1

θj(ε
HXH(xj)

⎞

⎠

⎞

⎠ = − log

⎛

⎝E exp

⎛

⎝i
n∑

j=1

θj(XH(εxj)

⎞

⎠

⎞

⎠,

which yields the self-similarity property. 	
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4 Lévy Fields

In this part we consider fractional fields that are non-Gaussian fields with finite
variance. Moreover we will show that there are not self-similar and we will
introduce the weaker property of asymptotic self-similarity that they enjoy. In many
aspects these fields are intermediate between Gaussian and Stable fractional fields
introduced before. Actually, it is well known that in some fields of applications data
do not fit Gaussian models, see for instance [24, 36, 41] for image modeling. More
recently other processes that are neither Gaussian nor stable have been proposed to
model Internet traffic (cf. [10, 17]).

4.1 Moving Average Fractional Lévy Fields

First a counterpart of moving average fractional stable field is introduced, when a
random Lévy measure of Sect. 2.2 is used in the integral representation.

Definition 4.1. For 0 < H < 1, and H 
= d
2 , let us call a real valued field

(XH(t))t∈Rd which admits a well-balanced moving-average representation

XH(t)
(d)
=

∫

Rd

(
||t− s||H− d

2 − ||s||H− d
2

)
M(ds),

where M(ds) is a random Lévy measure defined by (5) that satisfies the finite
moment assumption (4), a moving average fractional Lévy field (in short mafLf)
with parameter H.

One can check that s �→ ||t − s||H− d
2 − ||s||H− d

2 is square integrable with respect
to ds the Lebesgue measure on R

d. Hence XH is well defined. For the sake of
simplicity, we omit the case d = 1, H = 1/2: X1/2(t) is equal in distribution to
∫ t

0
M(ds), which is a Lévy process.
Let us illustrate this construction with a simple example: d = 1 and μ(du) =

1
2 (δ−1(du)+δ1(du)),where δ’s are Dirac masses. In this caseM(ds) is a compound
random Poisson measure and can be written as an infinite sum of random Dirac
masses

M(ds) =
∑

n∈Z

δSn(ds)εn,

where Sn+1 −Sn are identically independent random variables with an exponential
law, and εn are identically distributed independent Bernoulli random variables such
that P(εn = 1) = P(εn = −1) = 1/2. The εn’s are independent of the Sn’s.
Since the measure μ is finite and

∫
R
uμ(du) = 0, the corresponding mafLm is in

this special case:

X(t) =
+∞∑

n=−∞
εn(|t− Sn|H−1/2 − |Sn|H−1/2). (43)
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Even if the previous limit is in L2 sense, it suggests that the regularity of the sample
path can be governed by H − 1/2. In the following section we need other tools
to prove this fact, but this guess happens to be true and it is quite different from
the regularity of sample paths of fractional Brownian fields. Moreover one can
have almost sure convergence by using shot noise series representation of the Lévy
measure.

Because of the isometry property of the random Lévy measure, mafLf have finite
second order moments, and moreover have the same covariance structure as the
fractional Brownian field. But they have different distributions than the fractional
Brownian field, in particular they are non-Gaussian.

Proposition 4.2. The covariance structure of mafLfs is

R(s, t) = E(X(s)X(t)) =
var(X(1))

2
{‖s‖2H + ‖t‖2H − ‖s− t‖2H}. (44)

MafLfs have stationary increments.

Proof. The first claim is consequence of the isometry property for the random Lévy
measure (8). Actually a consequence of (8) is that

E

(∫

Rd

f(s)M(ds)

∫

Rd

g(s)M(ds)

)
=

∫

R

u2μ(du)

∫

Rd

f(s)g(s)ds . (45)

Then E(X(s)X(t)) = EBH(s)BH(t), since the fractional Brownian field and
the mafLf have the same kernel in their integral representation. Finally (44) is a
consequence of (29).

Let θ = (θ1, . . . , θn) and t = (t1, . . . , tn) ∈ (Rd)n, the logarithm of character-
istic function of the increments of the mafLf is:

− log

⎛

⎝E exp

⎛

⎝i
n∑

j=2

θj(XH(tj) −XH(t1))

⎞

⎠

⎞

⎠

=

∫

Rd×R

exp(i

n∑

j=2

uθj(‖tj − s‖H−d/2 − ‖t1 − s‖H−d/2))

− 1 − i
n∑

j=2

uθj(‖tj − s‖H−d/2 − ‖t1 − s‖H−d/2)dsμ(du).

Then if we set s′ = t1 + s and use the invariance by translation of the Lebesgue
measure one gets
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− log

⎛

⎝E exp

⎛

⎝i
n∑

j=2

θj(XH(tj) −XH(t1))

⎞

⎠

⎞

⎠

= − log

⎛

⎝E exp

⎛

⎝i
n∑

j=2

θjXH(tj − t1)

⎞

⎠

⎞

⎠

and the stationarity of the increments of the mafLf. 	

However mafLfs are not self-similar, but they enjoy an asymptotic property called
asymptotic self-similarity at infinity, which is defined in the next proposition.

Proposition 4.3. The mafLfs are asymptotically self-similar at infinity with param-
eter H

lim
R→+∞

(
XH(Rt)

RH

)

t∈Rd

(d)
=

∫

R

u2μ(du) × (BH(t))t∈Rd , (46)

where the convergence is the convergence of the finite dimensional margins andBH

is a fractional Brownian field of index H .

Proof. Let us consider the multivariate function:

gt,v,H(R, s, u) = iu
n∑

k=1

vk
‖Rtk − s‖H−d/2 − ‖s‖H−d/2

RH
(47)

where t = (t1, . . . , tn) ∈ (Rd)n, and v = (v1, . . . , vn) ∈ R
n. Then

E exp

(

i

n∑

k=1

vk
XH(Rtk)

RH

)

= exp

(∫

Rd×R

[exp(gt,v,H(R, s, u)) − 1 − gt,v,H(R, s, u)]dsμ(du)

)
. (48)

The change of variable s = Rσ is applied to the integral of the previous right hand
term to get:

∫

Rd×R

[exp(R−d/2gt,v,H(1, σ, u)) − 1 −R−d/2gt,v,H(1, σ, u)]Rddσμ(du). (49)

Then as R → +∞, a dominated convergence argument yields that

lim
R→+∞

E exp

(

i
n∑

k=1

vk
XH(Rtk)

RH

)

= exp

(
1

2

∫

Rd×R

g2t,v,H(1, σ, u)dσμ(du)

)
. (50)
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Therefore the logarithm of the previous limit is

− 1

2

∫ +∞

0

u2μ(du)

∫

Rd

(
n∑

k=1

vk(‖tk − σ‖H−d/2 − ‖σ‖H−d/2)

)2

dσ, (51)

and this last integral is the variance of
∑n

k=1 vkBH(tk) which concludes the proof
of the convergence of finite dimensional margins. 	


4.1.1 Regularity of the Sample Paths

To investigate the regularity of the sample paths of mafLf, one can use the
Kolmogorov theorem (see [9, 20] for proofs) to show that the sample paths are
locally Hölder-continuous for every exponent H ′ < H − d/2, when H > d/2,
in the sense of Definition 3.6. Let us recall the statement of Kolmogorov’s theorem.

Theorem 4.4. Let (Xt, t ∈ [A,B]d) be a random field. If there exist three positive
constants α, β, C such that, for every t, s ∈ [A,B]d

E|Xt −Xs|α ≤ C‖t− s‖d+β,

then, there exists a locally γ-Hölder continuous modification X̃ of X for every γ <
β/α. It means that there exist a random variable h(ω), and a constant δ > 0 such
that

P

[

ω, sup
‖t−s‖≤h(ω)

|X̃t(ω) − X̃s(ω)|
‖t− s‖γ ≤ δ

]

= 1.

The control needed to apply Kolmogorov-Chentsov’s theorem are direct appli-
cations of the isometry property. The questions are then: What happens when
H < d/2 ? If H − d/2 > 0, can we show that the “true” exponent is strictly larger
thanH−d/2 ? If we consider the integrand:G(t, s) = ‖t−s‖H−d/2−‖s‖H−d/2, it
is clear that, whenH−d/2 < 0, G(., s) is not locally bounded, and whenH > d/2,
it is notH ′-Hölderian ifH ′ > H−d/2 in a neighborhood of s. Following Rosinski’s
rule of the thumb in [31], it is known that the simple paths of the integral defining
XH(t) cannot be “smoother” than the integrandG.

Let us now make precise statements.

Proposition 4.5. If H > d/2, for every H ′ < H − d/2, there exists a continuous
modification of the mafLf XH such that such that almost surely the sample paths of
XH are locally H ′ Hölder continuous i.e.

P

[

ω; sup
0<‖s−t‖<ε(ω),‖s‖≤1,‖t‖≤1

(
XH(s) −XH(t)

‖s− t‖H′

)
≤ δ

]

= 1 (52)
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where ε(ω) is an almost surely positive random variable and δ > 0. Moreover, for
every H ′ > H − d/2, P(XH /∈ CH′

) > 0, where C H′
is the space of Hölder-

continuous functions on [0, 1]d. Furthermore, if the control measure μ of the random
measure M is not finite, P(XH /∈ CH′

) = 1.

Proof. Because of the isometry property,

E(XH(s) −XH(t))2 = E(BH(s) −BH(t))2 = C‖t− s‖2H ,

where BH is a fractional Brownian field. The property (52) is then a direct
consequence of Kolmogorov Theorem. To prove the second part of the proposition,
Theorem 4 of [31] will be applied to XH . First we take a separable modification
of XH with a separable representation. The next step is to use the symmetrization
argument of Sect. 5 in [31] if μ is not already symmetric. Then we can remark that
the kernel t → ‖t− s‖H−d/2 −‖s‖H−d/2 /∈ CH′

for everyH ′ > H−d/2, and the
conclusion of Theorem 4 is applied to the measurable linear subspace C H′

to get
P(XH /∈ CH′

) > 0. To show that this probability is actually one, we rely on a zero-
one law. The processXH can be viewed as an infinitely divisible law on the Banach
space C [0, 1] of the continuous functions endowed with the supremum norm. Let us
consider the map:

ϕ : R × R
d → C [0, 1]

(u, s) → u(‖.− s‖H−d/2 − ‖s‖H−d/2‖).

The random Lévy measure F (df) of the infinitely divisible law defined byXH is
now given by ϕ(μsym(du) × ds) = F (df), where μsym is the control measure
of the symmetrized process. Hence F ((C [0, 1] \ C H′

) = +∞, if μsym(R) =
+∞. Corollary 11 of [16] and P(XH /∈ CH′

) > 0 yield the last result of the
proposition. 	


Now let us go back to the case H < d/2.

Proposition 4.6. If H < d/2, for every compact interval K ⊂ R
d,

P(XH /∈ B(K)) > 0,

where B(K) is the space of bounded functions on K.

In this case, we remark that t → ‖t− s‖H−d/2 − ‖s‖H−d/2 /∈ B(K) for every
s ∈ K. The proposition is then proved by applying Theorem 4 of [31] to B(K).

4.1.2 Local Asymptotic Self-similarity

We will now investigate local self-similarity for mafLfs. Let us first recall the
definition.
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Definition 4.7. A field (Y (x))x∈Rd is locally asymptotically self-similar (lass) at
point x, if

lim
ε→0+

(
Y (x + εu) − Y (x)

εh(x)

)

u∈Rd

(d)
= (Tx(u))u∈Rd , (53)

where the non-degenerate field (Tx(u))u∈Rd is called the tangent field at point x
of Y and the limit is in distribution for all finite dimensional margins of the fields.
Furthermore, the field is lass with multifractional function h if for every x ∈ R

d, it
is lass at point x with index h(x).

Let us make some comments about this definition. First, a non-degenerate field
means that the tangent field is not the null function almost surely. It should be noted
that mafLfs, in general, do not have a tangent field. In this section we focus on
the truncated stable case. In view of Propositions 4.3 and 4.8, the truncated stable
case can be viewed as a bridge between fBf and moving average fractional stable
field. Let

μα,1(du) =
1{|u|≤1}du

|u|1+α

be a control measure in the sense of Sect. 2.2 associated to the Lévy random measure
Mα,1. Denote the corresponding mafLf by XH,α

XH,α(t) =

∫

Rd

(‖t− s‖H− d
2 − ‖s‖H− d

2 )dM α,1(s).

Proposition 4.8. Let us assume that H̃ defined by H̃ − d
α = H − d

2 is such that

0 < H̃ < 1. The mafLf XH,α, with control measure

μα,1(du) =
1{|u|≤1}du

|u|1+α
,

is locally self-similar with parameter H̃. For every fixed t ∈ R
d,

lim
ε→0+

(
XH,α(t+ εx) −XH,α(t)

ε ˜H

)

x∈Rd

(d)
=
(
Y

˜H(x)
)
x∈Rd , (54)

where the limit is in distribution for all finite dimensional margins of the field. The
limit is a moving average fractional stable field that has a representation:

Y
˜H(x) =

∫

Rd

(‖x− σ‖ ˜H−d/α − ‖σ‖ ˜H−d/α)Mα(dσ), (55)

where Mα(dξ) is a stable α−symmetric random measure.
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Proof. Since the mafLf has stationary increments we only have to prove the
convergence for t = 0. We consider a multivariate function:

gt,v,H(ε, s, u) = iu

n∑

k=1

vk
‖εtk − s‖H−d/2 − ‖s‖H−d/2

ε ˜H
, (56)

where t ∈ (Rd)n, and v ∈ R
n. Then

E exp

(

i

n∑

k=1

vk
X

˜H(εtk)

ε ˜H

)

= exp

(∫

Rd×R

[exp(gt,v,H(ε, s, u)) − 1 − gt,v,H(ε, s, u)]dsμ(du)

)
. (57)

Then the change of variable σ = s
ε is applied and H̃ has been chosen such that the

integral in the previous equation is now:

∫

Rd×R

[exp(gt,v,H(1, σ, ε−d/αu)) − 1 − gt,v,H(1, σ, ε−d/αu)]

1(|u| < 1)εddσ
du

|u|1+α
. (58)

Let us set w = ε−d/αu. The integral becomes

I(ε) =

∫

Rd×R

[exp(gt,v,H(1, σ, w)) − 1 − gt,v,H(1, σ, w)]

1(|w| < ε−d/α)dσ
dw

|w|1+α
. (59)

Let us recall that

− C(α)|x|α =

∫

R

[eixr − 1 − ixr1(|r| ≤ ε−d/α)]
dr

|r|1+α
, (60)

for every ε > 0, where C(α) = 2
∫ +∞
0

(1 − cos(r)) dr
r1+α . Let us write

Jε(x) =

∫

R

[eixr − 1 − ixr]1(|r| ≤ ε−d/α)
dr

|r|1+α
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then

lim
ε→0+

(
Jε(x) + C(α)|x|α) = lim

ε→0+

∫

R

[1 − eixr]1(|r| > ε−d/α)
dr

|r|1+α

= 0.

Since I(ε) =
∫
Rd Jε(gt,v,H(1, σ, 1))dσ, a monotone convergence argument yields

lim
ε→0+

I(ε) = −C(α)

∫

Rd

|gt,v,H(1, σ, 1)|αdσ. (61)

Since this last expression is the logarithm of

E exp

(

i
n∑

k=1

vkY ˜H(tk)

)

,

the proof is complete. 	


4.2 Real Harmonizable Fractional Lévy Fields

A counterpart of real harmonizable fractional stable field is introduced, when a
random Lévy measure of Sect. 2.4, is used in the integral representation.

Definition 4.9. Let us call a real harmonizable fractional Lévy field (in short rhfLf),
with parameter H, a real valued field (XH(t))t∈Rd , which admits an harmonizable
representation

XH(x)
(d)
=

∫

Rd

e−ix·ξ − 1

‖ξ‖ d
2+H

M(dξ),

whereM(dξ) is a complex isotropic random Lévy measure defined in Definition 2.5
that satisfies the finite moment assumption (16).

Please note that, since

ξ �→ e−ix·ξ − 1

‖ξ‖ d
2+H

satisfies (21) almost surely, rhfLfs are real valued! Because of the isometry
property (26) of the complex isotropy random Lévy measure, rhfLfs have finite
second order moments. As in the case of mafLf, they have the same covariance
structure than fractional Brownian field s. But they have different distributions, in
particular they are non-Gaussian. We will see later that the regularity properties of
rhfLfs are quite different from those of mafLfs.



28 S. Cohen

Proposition 4.10. The covariance structure of rhfLfs is

R(x, y) = E(X(x)X(y)) =
var(X(1))

2
{‖x‖2H + ‖y‖2H − ‖x− y‖2H}. (62)

RhfLfs have stationary increments.

Proof. The first claim is consequence of the isometry property and of the fact
that fractional Brownian field s and rhfLfs have the same kernel in their integral
representation.

Let θ = (θ1, . . . , θn) and x = (x1, . . . , xn) ∈ (Rd)n, the logarithm of character-
istic function of the increments of the rhfLf is:

− log

⎛

⎝E exp

⎛

⎝i
n∑

j=2

θj(XH(xj) −XH(x1))

⎞

⎠

⎞

⎠

=

∫

Rd×C

exp

⎛

⎝i
n∑

j=2

θj2�
(
z
e−ixj.ξ − e−ix1.ξ

‖ξ‖H+d/2

)

−1 − i

n∑

j=2

θj2�
(
z
e−ixj.ξ − e−ix1.ξ

‖ξ‖H+d/2

)
⎞

⎠ dξμ(dz).

Then, if we set z′ = e−ix1.ξz, and use the invariance by rotation of μ(dz) one gets

− log

⎛

⎝E exp

⎛

⎝i
n∑

j=2

θj(XH(xj) −XH(x1))

⎞

⎠

⎞

⎠

= − log

⎛

⎝E exp

⎛

⎝i
n∑

j=2

θjXH(xj − x1)

⎞

⎠

⎞

⎠ ,

and the stationarity of the increments of the rhfLf. 	

Now we investigate some properties of self-similarity and regularity types that

the rhfLf shares with the fractional Brownian field. In the first part of this section,
we prove that two asymptotic self-similarity properties are true for the rhfLf. In the
second part, we see that almost surely the paths of the rhfLf are Hölder-continuous,
with a pointwise Hölder exponentH. See Definitions 3.6 and 3.7.

4.2.1 Asymptotic Self-similarity

Since we know the characteristic function of stochastic integrals of the measure
M(dξ), we can prove the local self-similarity of the rhfLfs. Actually it is a
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consequence of the homogeneity property of 1

‖ξ‖ d
2
+H

and of a central limit theorem

for the stochastic measure M(dξ). In this case, one can achieve better convergence
than the limit of the finite dimensional margins. In this case one speaks of strongly
locally asymptotically self-similar fields.

Definition 4.11. A field (Y (x))x∈Rd is strongly locally asymptotically self-similar
(slass) at point x if

lim
ε→0+

(
Y (x + εu) − Y (x)

εh(x)

)

u∈Rd

(d)
= (Tx(u))u∈Rd , (63)

where the non-degenerate field (Tx(u))u∈Rd is called the tangent field at point x
of Y, and the limit is in distribution on the space of continuous functions endowed
with the topology of the uniform convergence on every compact. Furthermore, the
field is strongly lass with multifractional function h if for every x ∈ R

d, it is strongly
lass at point x with index h(x).

When we compare the Definitions 4.7 and 4.11, the only difference is that the
tightness is required in the later case.

Proposition 4.12. The real harmonizable fractional Lévy field is strongly locally
self-similar with parameterH in the sense that for every fixed x ∈ R

d:

lim
ε→0+

(
XH(x+ εu) −XH(x)

εH

)

u∈Rd

(d)
=

C(H)

(
2π

∫ +∞

0

ρ2μρ(dρ)

)1/2

(BH(u))u∈Rd , (64)

where BH is a standard fractional Brownian field, and where the function C is
given by

C(s) =

∫

Rd

2(1 − cos(ξ1))

‖ξ‖d+2s

dξ

(2π)d/2
(65)

=
π1/2Γ (s+ 1/2)

2d/2Γ (2s) sin(πs)Γ (s+ d/2)
. (66)

A standard fractional Brownian field has a covariance given in (29) with C = 1.

Proof. The convergence of the finite dimensional margins is proved first. Since the
rhfLf has stationary increments, we only have to prove the convergence for x = 0.
Let us consider the multivariate function:

gu,v,H(ε, ξ, z) = i2�
(

z

n∑

k=1

vk
e−iεuk·ξ − 1

εH‖ξ‖ d
2+H

)

(67)
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where u = (u1, . . . , un) ∈ (Rn)d and v = (v1, . . . , vn) ∈ R
n. Then

E exp

(

i

n∑

k=1

vk
XH(εuk)

εH

)

= exp

(∫

Rd×C

[exp(gu,v,H(ε, ξ, z)) − 1 − gu,v,H(ε, ξ, z)]dξdμ(z)

)
. (68)

The change of variable λ = εξ is applied to the integral of the previous right hand
term to get

∫

Rd×C

[exp(εd/2gu,v,H(1, λ, z)) − 1 − εd/2gu,v,H(1, λ, z)]
dλ

εd
dμ(z). (69)

Then as ε → 0+ a dominated convergence argument yields that

lim
ε→0+

E exp

(

i
n∑

k=1

vk
XH(εuk)

εH

)

= exp

(
1

2

∫

Rd×C

g2u,v,H(1, λ, z)dλdμ(z)

)
. (70)

Moreover (15) allows us to express the logarithm of the previous limit as:

− 2π

∫ +∞

0

ρ2μρ(dρ)

∫

Rd

|∑n
k=1 vk(e

−iuk·λ − 1)|2
‖λ‖d+2H

dλ, (71)

and this last integral is the variance of C(H)
∑n

k=1 vkBH(uk), which concludes
the proof of the convergence of finite dimensional margins. 	


We refer to [9, 20] for a reminder on convergence in distribution in the space of
continuous multivariate functions and recall the following theorem.

Theorem 4.13. Let (Xn)n≥1 and X be continuous random fields valued such that
for all k ∈ N and for all t1, . . . , tk ∈ [A,B]d the finite dimensional distributions of
(Xn(t1), . . . , X

n(tk)) converge to (X(t1), . . . , X(tk)) . If there exist three positive
constants α, β and C such that, for t, s ∈ [A,B]d,

sup
n≥1

E|Xn
t −Xn

s |α ≤ C‖t− s‖d+β,

then Xn converges to the continuous field X in distribution on the space of
continuous functions endowed with the topology of the uniform convergence.
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Proof. Because of Theorem 4.13, we need to estimate

E(XH(x) −XH(y))2p

for p large enough. Unfortunately, whenH > 1 − d/2, these moments are not finite
because of the asymptotic of the integrand:

g0(x, ξ) =
e−ix·ξ − 1

‖ξ‖ d
2+H

(72)

when ‖ξ‖ → 0. In the case H > 1 − d/2, we thus apply a transformation to
the integrand g0 to analyze in two different ways its behavior at both ends of the
spectrum.

Let us first consider the easy case:H ≤ 1−d/2.Then g0(x, .) ∈ L2q(Rd) ∀q ∈
N

∗ and

‖g0(x, .) − g0(y, .)‖2qL2q(Rd)
= ‖x− y‖2Hq+d(q−1)‖g0(e1, .)‖2qL2q(Rd)

where e1 = (1, 0, . . . , 0) ∈ R
d. Because of (27) we know that

E(XH(x) −XH(y))2p =

p∑

n=1

D(n)‖x− y‖2Hp+d(p−n)

for some nonnegative constants D(n). Hence there exists C < +∞ such that

E(XH(x) −XH(y))2p ≤ C‖x− y‖2Hp (73)

where x, y are in a fixed compact. Hence if H ≤ 1 − d/2

E

(
(XH(x+ εu) −XH(x+ εv))2p

ε2Hp

)
≤ ‖u− v‖2Hp

and one can take p > d
2H to show the tightness .

When H > 1 − d/2, let us take K an integer such that K ≥ 1 + d/2;

PK(t) =

K∑

k=1

tk

k!
,

and ϕ an even C1-function such that ϕ(t) = 1 when |t| ≤ 1/2 and ϕ(t) = 0 when
|t| > 1. Then

gK(x, ξ) =
e−ix·ξ − 1 − PK(−ix · ξ)ϕ(‖x‖‖ξ‖)

‖ξ‖ d
2+H

is in L2q(Rd) for every x ∈ R
d and q ∈ N

∗.
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The field XH is then split into two fields XH = X+
H +X−

H , where

X+
H(x) =

∫
gK(x, ξ)M(dξ), (74)

and

X−
H(x) =

∫
PK(−ix · ξ)

‖ξ‖ d
2+H

ϕ(‖x‖‖ξ‖)M(dξ). (75)

A method similar to the one used for XH when H ≤ 1 − d/2 is applied to X+
H and

we check that X−
H has almost surely C1 paths.

Let us start by the remark that

‖gK(x, .)‖2q
L2q(Rd)

= ‖x‖2Hq+d(q−1)‖gK(e1, .)‖2qL2q(Rd)
.

As in the easy case we have to estimate when ε → 0+

Iε =

∫

Rd

|gK(x, ξ) − gK(x+ εu, ξ)|2qdξ.

Let us split this integral into

I+ε =

∫

ε‖ξ‖≥1

|gK(x, ξ) − gK(x+ εu, ξ)|2qdξ,

and

I−
ε =

∫

ε‖ξ‖<1

|gK(x, ξ) − gK(x+ εu, ξ)|2qdξ

as Iε = I+ε + I−
ε . Actually

|gK(x, ξ) − gK(y, ξ)| = |g0(x− y, ξ)|

on {ε‖ξ‖ ≥ 1} for ε small enough, and we get by the change of variable λ = εξ

I+ε = ε2Hq+d(q−1)

∫

‖λ‖≥1

|e−ie1·λ − 1|2q
‖λ‖2Hq+dq

dλ. (76)

Then a Taylor expansion is applied to I−
ε

I−
ε =

∫

‖ξ‖< 1
ε

|dgK(θ(x, εu, ξ), ξ).εu|2qdξ,
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where dgK(θ(x, εu, ξ), ξ) is the differential of the map gK(., ξ) and θ(x, ε, ξ) is a
point in the segment (x, x + εu). Note that

∫

‖ξ‖<C

‖dgK(θ(x, εu, ξ), ξ)‖2qdξ < +∞

for every fixed C, and that

‖dgK(θ(x, εu, ξ), ξ)‖2q = O(‖ξ‖2q(1− d
2 −H)) when ‖ξ‖ → +∞.

Hence
(∫

‖ξ‖< 1
ε

‖dgK(θ(x, εu, ξ), ξ)‖2qdξ
)

ε2q = 0(ε2Hq+d(q−1)) when ε → 0+

and

|I−
ε | ≤ Cε2Hq+d(q−1) (77)

when ε → 0+. Because of (76) and (77), there exists a positive constantC such that

∫

Rd

|gK(x, ξ) − gK(y, ξ)|2qdξ ≤ C‖x− y‖2Hq+d(q−1),

and consequently

E(X+
H(x) −X+

H(y))2p ≤ C‖x− y‖2Hp , (78)

when ‖x‖ ≤ 1, ‖y‖ ≤ 1, which yields that the distributions of

(
X+

H(x + ε.) −X+
H(x)

εH

)

ε>0

are tight. To conclude, let us write X−
H for ‖x‖ < ε as

∫

ε‖ξ‖≤1/2

PK(−ix · ξ)
‖ξ‖ d

2+H
M(dξ) +

∫

1/2≤ε‖ξ‖≤1

PK(−ix · ξ)
‖ξ‖ d

2+H
ϕ(‖x‖‖ξ‖)M(dξ).

The first integral of the previous line is actually a polynomial in the variables
(x1, . . . , xd) with coefficients that are random variables, hence it has almost surely
C1 paths. Let us remark that the integrand of the second integral is bounded with
compact support in R

d × C and is C1 in the variable x, so is the integral which
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yields that X−
H is almost surely C1. Then it is clear that

lim
ε→0+

(
X−

H(x+ εu) −X−
H(x)

εH

)

u∈Rd

(a.s.)
= 0

which concludes the proof. 	

We now want to exhibit an example of rhfLf that has asymptotic self-similarity

properties when the increment is taken on large scales. Actually if the control
measure μρ(dρ) is dρ

|ρ|1+α1(|ρ| < 1) where 0 < α < 2, we show that at large

scales the rhfLf is asymptotically self-similar with parameter 0 < H̃ < 1 such that
H̃ + d

α = H + d
2 .

Heuristically it means that at large scales the truncation of the Lévy measure
disappears.

Moreover the limit field is a rhfsf with parameter H̃. This shows that at large
scales the behavior of rhfLf can be very far from the Gaussian model even if
the rhfLfs are fields that have moments of order 2. The rhfLf with control measure

dρ
|ρ|1+α1(|ρ| < 1) can be viewed roughly speaking as in between a rhfsf at large
scales and a fractional Brownian field at low scales. Let us now state precisely
the asymptotic self-similarity.

Proposition 4.14. Let us assume that H̃ defined by H̃ + d
α = H + d

2 is such that
0 < H̃ < 1. The real harmonizable fractional Lévy field, with control measure
μρ(dρ),

dρ

|ρ|1+α
1(|ρ| < 1),

is asymptotically self-similar at infinity with parameter H̃

lim
R→+∞

(
XH(Ru)

RH̃

)

u∈Rd

(d)
= (YH̃(u))u∈Rd , (79)

where the limit is in distribution for all finite dimensional margins of the fields, and
the limit is a real harmonizable fractional stable field that has a representation:

YH̃(u) =

∫

Rd

e−iu·ξ − 1

‖ξ‖ d
α+H̃

Mα(dξ), (80)

where Mα(dξ) is complex isotropic α-stable random measure defined in (28).

Proof. As in Proposition 4.8, we consider a multivariate function:

gu,v,H(R, ξ, z) = i2�
(

z

n∑

k=1

vk
e−iRuk·ξ − 1

RH̃‖ξ‖ d
2+H

)

(81)



Fractional Lévy Fields 35

where u ∈ (Rn)d and v ∈ R
n. We write

E exp

(

i

n∑

k=1

vk
XH(Ruk)

RH̃

)

= exp

(∫

Rd×C

[exp(gu,v,H(R, ξ, z)) − 1 − gu,v,H(R, ξ, z)]dξdμ(z)

)
. (82)

Then the change of variable λ = Rξ is applied and H̃ has been chosen such that
integral in the previous equation is now

∫

Rd×[0,2π]×R
+
∗
[exp(gu,v,H(1, λ, Rd/αρeiθ)) − 1 − gu,v,H(1, λ, Rd/αρeiθ)]

1(|ρ| < 1)R−ddλdθ
dρ

|ρ|1+α
. (83)

Let us set r = Rd/αρ the integral becomes

I(R) =

∫

Rd×[0,2π]×R

[exp(gu,v,H(1, λ, reiθ)) − 1 − gu,v,H(1, λ, reiθ)]

1(|r| < Rd/α)dλdθ
dr

2|r|1+α
. (84)

Let us recall (60)

−C(α)|x|α =

∫

R

[eixr − 1 − ixr1(|r| ≤ Rd/α)]
dr

|r|1+α
,

for everyR > 0, where C(α) =
∫ +∞
0 (1− cos(r)) dr

r1+α is given in (10). If we write

JR =

∫

R

[eixr − 1 − ixr ]1(|r| ≤ Rd/α)
dr

2|r|1+α
,

then

lim
R→+∞

(
JR +

C(α)

2
|x|α
)

= lim
R→+∞

∫

R

[eixr − 1]1(|r| > Rd/α)
dr

2|r|1+α

= 0.
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Please remark that

∫

R

[ergu,v,H (1,λ,reiθ) − 1]1(|r| > Rd/α)
dr

2|r|1+α

=

∫ ∞

Rd/α

(cos(|gu,v,H(1, λ, reiθ)|) − 1)
dr

|r|1+α
,

and hence is a non positive function. Moreover it is increasing with respects to R,
and

∫

Rd×[0,2π]

∫ ∞

Rd/α

[cos(|gu,v,H(1, λ, reiθ)|) − 1]
dr

|r|1+α
dλdθ < ∞.

Hence, by monotone convergence,

lim
R→+∞

I(R) = −C(α)

2

∫

Rd×[0,2π]

∣
∣
∣
∣∣
2�
(

eiθ
n∑

k=1

vk
e−iukλ − 1

‖λ‖ d
α+H̃

)∣∣
∣
∣∣

α

dλdθ, (85)

which is also

− C(α))

2

∫ 2π

0

|2 cos(θ)|αdθ
∫

Rd

∣
∣
∣∣
∣

n∑

k=1

vk
e−iukλ − 1

‖λ‖ d
α+H̃

∣
∣
∣∣
∣

α

dλ. (86)

Since this last expression is the logarithm of

E exp

(

i

n∑

k=1

vkYH̃(uk)

)

,

(cf. (28)), the proof is complete. 	


4.2.2 Regularity of the Sample Paths of the rhfLf

We will show using the Theorem 4.4 that H is the pointwise Hölder exponent of
the sample paths of the rhfLfs. Let us recall the definition of the pointwise exponent
Hf (x) of a deterministic function f at point x by

Hf (x) = sup{H ′, lim
ε→0

f(x+ ε) − f(x)

‖ε‖H′ = 0}. (87)

Then the regularity of the sample paths is described by the following proposition.
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Proposition 4.15. For every H ′ < H, there exists a continuous modification of the
rhfLf XH such that almost surely the sample paths of XH are locally H ′ Hölder
continuous i.e.

P

[

ω; sup
0<‖x−y‖<ε(ω),‖x‖≤1,‖y‖≤1

(
XH(x) −XH(y)

‖x− y‖H′

)
≤ δ

]

= 1, (88)

where ε(ω) is an almost surely positive random variable and δ > 0. Moreover, at
every point x, the pointwise exponent HXH (x) of the rhfLf XH is almost surely
equal to H.

Proof. In the first part of the proof, we will use the estimation of the moments

E(XH(x) −XH(y))2p

performed in the proof of Proposition 4.12 and Kolmogorov Theorem. When H ≤
1 − d/2, we already know by (73) that

E(XH(x) −XH(y))2p ≤ C‖x− y‖2Hp ,

when ‖x‖ ≤ 1, ‖y‖ ≤ 1 and Kolmogorov Theorem yields (88) for every H ′ < H.
When H > 1 − d/2, we recall that XH has been split into

XH = X+
H +X−

H ,

where X+
H and X−

H are defined in (74) and (75). Furthermore we know that X+
H

is H ′-Hölder-continuous for every H ′ < H by Kolmogorov Theorem and the
inequality (78), and that X−

H has almost surely C1 sample paths, which concludes
the proof of (88).

Because of (52), at every point x the Hölder exponent satisfies H(x) ≥ H. To
show H(x) ≤ H let us use the local self-similarity (64). Actually, if H ′ > H, we
can deduce from (64) that

lim
ε→0+

εH
′

|XH(x+ ε) −XH(x)|
(d)
= 0,

which is also a convergence in probability. Hence we can find a sequence
(εn)n∈N → 0+ such that:

lim
n→+∞

|XH(x+ εn) −XH(x)|
εH′
n

= +∞ almost surely.

This argument concludes the proof of Proposition 4.5. 	
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4.3 A Comparison of Lévy Fields

In the previous sections, we have introduced two different models of fractional
fields with finite second moments that have the same covariance structure as the
fractional Brownian field. Since both models have very different sample paths
properties, it shows that the covariance structure cannot characterize the behavior of
the smoothness of fractional fields. For modelling purpose, a comparison of mafLf
and rhfLf may be useful.

First we can remark that the kernel of the rhfLf is the Fourier transform of the
kernel of the mafLf i.e.

̂e−itξ − 1

C
1/2
H ‖ξ‖H+d/2

(s) = D(H)
(
‖t− s‖H−d/2 − ‖s‖H−d/2

)
, (89)

where D(H) is a known function of H (cf. [9]). In the case of fractional Lévy
fields, the Fourier transform of a Lévy measure is not a Lévy measure and it
explains why rhfLf and mafLf have different distributions. Nevertheless, the self-
similarity of fractional Lévy fields is reminiscent of this fact. Indeed in the limit in
Proposition 4.3 for mafLf and in Proposition 4.12 for rhfLf is a fractional Brownian
field. But in Proposition 4.3 the large scale behavior of mafLf is investigated,
whereas Proposition 4.12 is concerned with the small scale behavior of rhfLf. It
reminds us of the fact that the large scale behavior of a Fourier transform of a
function is related to the small scale behavior of this function. The same remark
is true, when we compare Proposition 4.8 and Proposition 4.14. Even if the limits
are not the same in distribution in this last case they are of the same stable type.

4.4 Real Harmonizable Multifractional Lévy Fields

In this section, we introduce a class of Lévy fields proposed in [21] that yields
multifractional fields related to rhfLf. The main idea behind multifractional fields in
general is the fact that for some applications models like rhfLf or fBf parameterized
by an index 0 < H < 1 may not be rich enough. In some instance the practitioners
may want models that behave locally, roughly speaking, as fractional models,
but where the index will depend on the location. In multifractional models, the
parameter H becomes a function h. A classical model for Gaussian fields is the
multifractional Brownian field. (See [6, 9].)

Starting from the harmonizable representation of rhfLf one can propose fields
called real harmonizable multifractional Lévy fields that are non Gaussian counter-
part to multifractional Brownian fields.

Definition 4.16. Let h : R
d → (0, 1) be a measurable function. A real valued

field is called a real harmonizable multifractional Lévy field (in short rhmLf) with



Fractional Lévy Fields 39

multifractional function h, if it admits the harmonizable representation

Xh(x)
(d)
=

1

(C(h(x)))1/2

∫

Rd

e−ix .ξ − 1

‖ξ‖d/2+h(x)
M(dξ), (90)

where M is a complex isotropic random Lévy measure, and the normalization
function C is given by (65).

Remark 4.17. If the multifractional function h(x) = H is a constant then the rhmLf
is a rhfLf. The multiplicative deterministic function in (90) is such that

EX2
h(x) = 1

for every x ∈ Sd−1.

In the following we list some properties of rhmLf referring to [21] for the proofs,
and we suppose that the multifractional function h is β-Hölder continuous.

Proposition 4.18. Let h be a function h : Rd �→ (0, 1), and Xh be the correspond-
ing rhmLf. Let K be a compact set, and m = inf{h(x), x ∈ K}. For every
H < min(m,β) there exists a modification ofXh such that almost surely the sample
paths of Xh are H-Hölder continuous on K.

RhmLfs are strongly locally asymptotically self-similar.

Proposition 4.19. Let h : Rd �→ (0, 1) be a β-Hölder continuous multifractional
function, andXh the corresponding rhmLf. Let us assume β > supx∈Rd h(x), then,
for every x ∈ R

d, the rhmLf is strongly locally asymptotically self-similar, with
tangent field a fractional Brownian field with Hurst exponent H = h(x). More
precisely

lim
ε→0+

(
Xh(x + εu) −Xh(x)

εh(x)

)

u∈Rd

(d)
=

√

4π

∫ +∞

0

ρ2μρ(dρ)(BH(u))u∈Rd ,

(91)

where H = h(x) and BH is a fractional Brownian field with Hurst exponentH.

One can show the following result.

Corollary 4.20. Let h be function h : Rd �→ (0, 1) locally Hölder with exponent β.
Let Xh be the corresponding rhmLf and fix x such that h(x) < β, the pointwise
Hölder exponent of Xh at x is

sup{H ′, lim
ε→0

Xh(x+ ε) −Xh(x)

|ε|H′ = 0} = h(x) (92)

almost surely.

Proposition 4.19 and Corollary 4.20 show that rhmLfs enjoy most of the
properties of rhfLfs with a varying index given by the multifractional function h.
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5 Statistics

In this section, we would like to discuss the use of the models introduced previously.
One of the major question is the estimation of the various parameters in those
models. The common framework of this estimation is that we observe only one
sample path of the field on a finite set of locations in a compact set. Most of
the results will then be asymptotic, when the mesh of the grid of the locations, where
the fields are observed, is decreasing to 0. In short we are doing fill-in statistics. We
will focus on rhfLfs and mafLfs.

5.1 Estimation for Real Harmonizable Fractional Lévy Fields

LetM a complex isotropic Lévy measure introduced in Definition 2.5 satisfying the
assumptions (15) and (16). Let XH be a rhfLf with a representation

XH(x) =

∫

Rd

e−ix ·ξ − 1

‖ξ‖ d
2+H

M(dξ)

and for k = (k1, . . . , kd) ∈ Nd and n ∈ N
, let us define k
n =

(
k1

n , . . . ,
kd

n

)
and

XH

(
k
n

)
= XH

(
k1

n , . . . ,
kd

n

)
.

The aim of this section is to perform the identification of the fractional index H
in a semi-parametric setup from discrete observations of the field XH on [0, 1]d:
the control measure μ(dz) of M is therefore unknown. The field XH is observed at(
k1
n
, . . . ,

kd
n

)
, 0 ≤ ki ≤ n, i = 1, . . . , d.

Let (a�), � = 0, . . . ,K be a real valued sequence such that

K∑

�=0

a� = 0,
K∑

�=0

�a� = 0. (93)

For k = (k1, . . . , kd) ∈ Nd, define ak = ak1 . . . akd
. One can take for instance

K = 2, a0 = 1, a1 = −2, a2 = 1.
Define the increments of field XH associated with the sequence a

ΔXp =

K∑

k=0

akXH

(
k + p

n

)

=

K∑

k1,...,kd=0

ak1 . . . akd
XH

(
k1 + p1
n

, . . . ,
kd + pd
n

)
.
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Define the quadratic variations associated with sequence a

Qn =
1

(n−K + 1)d

n−K∑

p=0

(ΔXp)2.

One can check that

log(E(Qn)) = −2H logn+ C,

where C is a constant, and it is usual to identifyH as the slope of a linear regression
of log(Qn) with respects of logn for the fractional Brownian motion. We refer to [8]
to show that the quadratic variations are optimal in a Gaussian framework. For the
sake of simplicity, we consider that the estimator of fractional index H is

Ĥn =
1

2
log2

Qn/2

Qn
,

but linear regression with (log(Qn/l))l=1,..,L could have been chosen, which should
yield more robust results.

Actually this estimator is the estimator used by [15] to estimate the fractional
index of a Fractional Brownian Motion.

Other estimators using wavelets coefficients instead of discrete variations are also
available in the literature cf [4, 14] but only in the Gaussian and stable frameworks.

Theorem 5.1. As n → +∞, one has:

Ĥn
(P)→ H,

where
(P)→ means a convergence in probability. Moreover ∀ε > 0, ∃M > 0 such

that
sup
N∈N

P(|ĤN −H | > MN− 1
2 )) < ε.

Proof. First define the following constantsA and B:

A = 4π

∫

R+

ρ2μρ(dρ)

B = 4π

∫

R+

ρ4μρ(dρ).

Define the following two functional spaces:

F2 = {f ∈ L2(Rd), f(−ξ) = f(ξ), ∀ξ ∈ R
d},

F4 = {f ∈ L2(Rd) ∩ L4(Rd), f(−ξ) = f(ξ), ∀ξ ∈ R
d}.
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According to Proposition 2.6, we then have

• For all f1, f2 ∈ F2,

E

∫
f1(ξ)M(dξ)

∫
f2(ξ)M(dξ) = A

∫
f1(ξ)f2(−ξ)dξ. (94)

• For all f1, f2, f3, f4 ∈ F4,

E

4∏

i=1

∫
fi(ξ)M(dξ) = A2

(∫
f1(ξ)f2(−ξ)dξ ×

∫
f3(ξ)f4(−ξ)dξ

+

∫
f1(ξ)f3(−ξ)dξ ×

∫
f2(ξ)f4(−ξ)dξ

+

∫
f1(ξ)f4(−ξ)dξ ×

∫
f2(ξ)f3(−ξ)dξ

)

+B

(∫
f1(ξ)f2(−ξ)f3(ξ)f4(−ξ)dξ

+

∫
f1(ξ)f2(ξ)f3(−ξ)f4(−ξ)dξ

+

∫
f1(ξ)f2(−ξ)f3(−ξ)f4(ξ)dξ

)
. (95)

Define now Vn = n2HQn.
Expectation of Vn
We deduce from (94)

E(ΔXp)2 = A

∫

Rd

∣
∣
∣
∑K

k=0 ake
i k
n ·ξ
∣
∣
∣
2

||ξ||d+2H
dξ.

The change of variables λ =
ξ

n
leads to

E(ΔXp)2 = An−2H

∫

Rd

∣
∣
∣
∑K

k=0 ake
ik·λ
∣
∣
∣
2

||λ||d+2H
dλ,

and therefore

EVn = A

∫

Rd

∣
∣
∣
∑K

k=0 ake
ik·λ
∣
∣
∣
2

||λ||d+2H
dλ.
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Variance of Vn
We deduce from (95):

E
[
(ΔXp)2(ΔXp′)2

]
= T1 + T2 + T3 + T4,

with

T1 = A2

⎛

⎜
⎝
∫

Rd

∣
∣
∣
∑K

k=0 ake
−i k

n ·ξ
∣
∣
∣
2

||ξ||d+2H
dξ

⎞

⎟
⎠

2

,

T2 = 2A2

⎛

⎜
⎝
∫

Rd

e−ip−p′
n ·ξ

∣
∣∣
∑K

k=0 ake
−i k

n ·ξ
∣
∣∣
2

||ξ||d+2H
dξ

⎞

⎟
⎠

2

,

T3 = 2B

∫

Rd

∣
∣
∣
∑K

k=0 ake
i k
n ·ξ
∣
∣
∣
4

||ξ||2d+4H
dξ,

T4 = B

∫

Rd

e−i 2p−2p′
n ·ξ

∣
∣∣
∑K

k=0 ake
i k
n ·ξ
∣
∣∣
4

||ξ||2d+4H
dξ.

So that

varVn = Gn +Nn, (96)

with

Gn = 2A2 n4H

(n−K + 1)2d

n−K∑

p,p′=0

⎛

⎜
⎝
∫

Rd

e−ip−p′
n ·ξ

∣
∣∣
∑K

k=0 ake
i k
n ·ξ
∣
∣∣
2

||ξ||d+2H
dξ

⎞

⎟
⎠

2

,

Nn = 2Bn4H

∫

Rd

∣
∣
∣
∑K

k=0 ake
i k
n ·ξ
∣
∣
∣
4

||ξ||2d+4H
dξ (97)

+B
n4H

(n−K + 1)2d

n−K∑

p,p′=0

∫

Rd

e−i 2p−2p′
n ·ξ

∣∣
∣
∑K

k=0 ake
i k
n ·ξ
∣∣
∣
4

||ξ||2d+4H
dξ (98)

We first study the part Gn of the variance.
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The change of variables λ =
ξ

n
leads to

∫

Rd

e−ip−p′
n ·ξ

∣∣
∣
∑K

k=0 ake
−i k

n ·ξ
∣∣
∣
2

||ξ||d+2H
dξ = n−2H

∫

Rd

e−i(p−p′)·λ

∣∣
∣
∑K

k=0 ake
ik·λ
∣∣
∣
2

||λ||d+2H
dλ.

(99)

Define the operator D =

d∏

j=1

∂

∂xi
. Let us suppose that ∀j, pj 
= p′

j , integrating

by parts leads to

∫

Rd

e−i(p−p′)·λ

∣∣
∣
∑K

k=0 ake
ik·λ
∣∣
∣
2

||λ||d+2H
dλ

= id
d∏

j=1

1

(pj − p′
j)

∫

Rd

e−i(p−p′)·λD

⎡

⎢
⎣

∣
∣
∣
∑K

k=0 ake
ik·λ
∣
∣
∣
2

||λ||d+2H

⎤

⎥
⎦ dλ. (100)

The conditions
K∑

�=0

a� = 0,
K∑

�=0

�a� = 0 ensure the convergence of the integral.

Since there exists a constant C1 such that, as n → +∞,

⎛

⎝ 1

n

n−K∑

m,m′=0,m
=m′

1

(m−m′)2

⎞

⎠→ C1,

ndGn → C2. (101)

We know study the part Nn of the variance. Using the change of variables λ =
ξ

n
,

one obtains for T3

2B

nd

∫

Rd

∣
∣
∣
∑K

k=0 ake
ik·λ
∣
∣
∣
4

||λ||2d+4H
dλ.

It remains to study the part ofNn depending of T4. The line (98) can be written as

B

nd

1

(n−K + 1)2d

n−K∑

p,p′=0

∫

Rd

e2i(p−p′)·λ

∣
∣
∣
∑K

k=0 ake
ik·λ
∣
∣
∣
4

||λ||2d+4H
dλ .

Using as previously integration by parts, one proves that (98) is negligible with
respect to (97). Hence
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ndNn → C3. (102)

To sum up, because of (96), (101), and (102), we have proved that there existsC > 0
such that

ndvarVn → C,

and Theorem 5.1 is proved. 	


5.2 Identification of mafLf

We now perform the identification for mafLfs with truncated stable control mea-
sures. The random Lévy measure M is therefore associated with μ(du) =
1{|u|≤1}du

|u|1+α . Let us recall that the corresponding mafLf is denoted by

XH,α(t) =

∫

Rd

‖t− s‖H−d/2 − ‖s‖H−d/2dM (s).

As in the previous section, for k = (k1, . . . , kd) ∈ Nd and n ∈ N
, let us define

k

2n
=

(
k1
2n
, . . . ,

kd
2n

)
,

XH,α

(
k

2n

)
= XH,α

(
k1
2n
, . . . ,

kd
2n

)
.

The aim of this section is to perform the identification of the fractional indexesH
and H̃ = H− d

2 + d
α , or equivalently of indexesH and α, with discrete observations

of field XH,α on [0, 1]d. The field XH,α is observed at times

(
k1
2n
, . . . ,

kd
2n

)
, 0 ≤

ki ≤ 2n, i = 1, . . . , d.
Let (a�), � = 0, . . . ,K be a real valued sequence such that:

K∑

�=0

a� = 0,

K∑

�=0

�a� = 0. (103)

From now on, multi-indexes are written with bold letters. For k = (k1, . . . , kd) ∈
Nd define:

ak = ak1 . . . akd
.
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Define the increments of field XH,α associated with the sequence a:

ΔXp,n =

K∑

k=0

akXH,α

(
k + p

2n

)

def
=

K∑

k1,...,kd=0

ak1 . . . akd
XH,α

(
k1 + p1

2n
, . . . ,

kd + pd
2n

)
,

one can for instance take K = 2, a0 = 1, a1 = −2, a2 = 1.
For β > 0, define the β-variations by

Vn,β =
1

(2n −K)d

2n−K∑

p=1

|ΔXp,n|β .

Define the log-variations by

Vn,0 =
1

(2n − 1)d

2n−1∑

p=1

log

∣
∣∣
∣XH,α

(
1 + p

2n

)
−XH,α

( p

2n

)∣∣∣
∣ .

Variations of processes are classical tools to perform identification of parameters:
quadratic variations have been introduced for a while for Gaussian processes.
The main result of this section concerns the asymptotic behavior of the log and
β-variations and is given by the following theorem.

Theorem 5.2. Let us assume that 0 < H < 1 and 0 < H̃ < 1.

• Convergence of log-variations.

lim
n→+∞ − 1

n log 2
Vn,0

(a.s.)
= H̃. (104)

• Convergence of β-variations.

– For 0 < β < α, there exists a constant Cβ > 0 such that:

lim
n→+∞ 2nβ

˜HVn,β
(a.s.)
= Cβ .

– For α < β < 2, there exists a constant Cβ > 0 such that:

lim
n→+∞ 2nβ(H+ d

β − d
2 )Vn,β

(a.s.)
= Cβ .

The identification of fractional indexes H and H̃ can then be performed as
follows. A consistent estimator of H̃ is given by
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H̃n = − 1

log 2n
Vn,0. (105)

To estimate H , we have to assume weak a priori knowledge on α, for instance that
α belongs to the interval ]0, αsup[, with αsup < 2 known. For any αsup ≤ β < 2, a
consistent estimator of H is then given by:

Hn =
1

β

(
log2

Vn−1,β

Vn,β
+
βd

2
− d

)
. (106)

Using the results (105) and (106), a consistent estimator of α is of course

αn =
d

H̃n −Hn + d
2

.

Please note that we could have estimated α using the results on the convergence of
the β-variations. Actually if we assume that we know (β, log2(

Vn−1,β

Vn,β
)) for different

values of β then α is the point on which the slope is changing. Although this method
does not theoretically require any a priori knowledge for α, we believe it is not
numerically feasible to determine a sampling design for the β’s without this a priori
knowledge.

Proof. To show the convergence of the log-variations, let us introduce notations. We
start with H̃-rescaled increments ZH̃ of XH,α

ZH̃(t, t′) =
XH,α(t′) −XH,α(t)

‖t′ − t‖H̃ ∀t, t′ ∈ R
d. (107)

We will show in the appendix the following lemma.

Lemma 5.3. There exists a function ψ ∈ L1(Rd)

∀t, t′ ∈ [0, 1]d, t 
= t′, ∀λ ∈ R,
∣
∣
∣E
(
eiλZH (t,t′)

)∣∣
∣ ≤ ψ(λ). (108)

Moreover, for 0 < β < α,

sup
(t,t′)∈[0,1]d,t
=t′

E|ZH̃(t, t′)|β < ∞. (109)

As a consequence we have the following result.

Lemma 5.4. The family log2 |ZH(t, t′)|, t, t′ ∈ [0, 1]d, t 
= t′ is uniformly
integrable.

Proof. In this proof we take 0 < β < α. Consider the following convex functions:

φβ(x) = eβx1x≤1 + eβ
√
x1x>1.
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Clearly, φβ(x)/x → +∞ when x → +∞. One has:

Eφβ(log2 |ZH(t, t′)|) ≤ eβ + E|ZH(t, t′)|β + E|ZH(t, t′)|−β .

Since for 0 < β < α, sup
t,t′

E|ZH(t, t′)|β < +∞ it follows that the family

of log2 |ZH(t, t′)| is uniformly integrable if sup
t,t′

E|ZH(t, t′)|−β is finite for some

0 < β < α. Let us show this point. Since ψ ∈ L1(Rd) because of (108), ZH(t, t′)
has a continuous density denoted by pt,t′ . Then, let B be the unit ball in Rd

E|ZH(t, t′)|−β =

∫

Rd

‖x‖−βpt,t′(x)dx

=

∫

B

‖x‖−βpt,t′(x)dx +

∫

Rd\B
‖x‖−βpt,t′(x)dx

≤ ‖ψ‖L1(Rd)

∫

B

‖x‖−βdx + 1,

where we have bounded the Fourier transform of pt,t′ by ψ. Hence

sup
t,t′

E|ZH(t, t′)|−β < +∞

for every 0 < β < d. 	

Let

Wn,0 =
1

(2n − 1)d

2n−1∑

p=1

log

(
2nH̃

∣
∣
∣
∣XH,α

(
1 + p

2n

)
−XH,α

( p

2n

)∣∣
∣
∣

)
.

Then we will show

lim
n→+∞

Wn,0

n

(a.s.)
= 0.

One has

EWn,0 =
1

(2n − 1)d

2n−1∑

p=1

E log

(
2nH̃

∣
∣
∣
∣XH,α

(
1 + p

2n

)
−XH,α

( p

2n

)∣∣
∣
∣

)
.

Since the family log2 |ZH(t, t′)|, t, t′ ∈ [a, b], t 
= t′ is uniformly integrable, one
has:

sup
n≥1,

p=1,...,2n−1

E log2
(

2nH̃
∣∣
∣
∣XH,α

(
1 + p

2n

)
−XH,α

( p

2n

)∣∣
∣
∣

)
< +∞, (110)
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so that

sup
n≥1,

p=1,...,2n−1

E

∣
∣
∣∣log

(
2nH̃

∣
∣
∣∣XH,α

(
1 + p

2n

)
−XH,α

( p

2n

)∣∣
∣∣

)∣∣
∣∣ < +∞. (111)

It follows

lim
n→+∞

EWn,0

n
= 0.

If we denote by

Ap = log

(
2nH̃

∣∣
∣
∣XH,α

(
1 + p

2n

)
−XH,α

( p

2n

)∣∣
∣
∣

)

− E log

(
2nH̃

∣
∣
∣∣XH,α

(
1 + p

2n

)
−XH,α

( p

2n

)∣∣
∣∣

)
,

the variance of Wn,0 is given by

var Wn,0 =
1

(2n − 1)2d

2n−1
∑

p,p′=1

E (ApAp′) .

By Cauchy–Schwarz inequality,

var Wn,0

≤ 1

(2n − 1)2d

⎧
⎨

⎩

2n−1
∑

p=1

√

var log

(
2nH̃

∣
∣
∣
∣XH,α

(
1 + p

2n

)
−XH,α

( p

2n

)∣∣
∣
∣

)
⎫
⎬

⎭

2

.

Because of (110) and (111),

sup
n≥1

var Wn,0 < ∞. (112)

Since

P

(∣∣
∣∣
Wn,0

n
− EWn,0

n

∣
∣
∣∣ > a

)
≤ supn≥1 var Wn,0

n2a2
,

for every a > 0, Borel–Cantelli’s lemma implies:

lim
n→+∞

Wn,0

n

(a.s.)
= 0.
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Definitions of Wn,0 and Vn,0 lead to

Wn,0

n
= H̃ log 2 − Vn,0, (113)

and (104) is proved.
Integral representations of power functions are used extensively and are given in

the following.
For all 0 < β < 2, ∀x ∈ R

|x|β =

(∫

R

eiy − 1 − iy1|y|≤1

|y|1+β
dy

)−1 ∫

R

eixy − 1 − ixy1|y|≤1

|y|1+β
dy.

Because of the previous integral representation the following process:

Sn(y) =
1

(2n −K)d

2n−K∑

p=1

exp
(
iy2n

˜HΔXp,n

)
, y ∈ R

is introduced for the study of the β-variations and log-variations. Let

ΔGp,n(s) =

K∑

�=0

a�G

(
p + �

2n
, s

)
,

where G = ‖t− s‖H−d/2 − ‖s‖H−d/2 and

S(y) = exp

{
|y|α
∫

Rd×R

[exp(ivΔG0,1(σ)) − 1 − ivΔG0,1(σ)1|v|≤1]dσ
dv

|v|1+α

}
.

We first prove the following intermediate lemma on Sn(y).

Lemma 5.5.

lim
n→+∞Sn(y)

(a.s.)
= S(y).

The proof of Lemma 5.5 is postponed to the appendix.
We can now prove the convergence of the β-variations for 0 < β < α. The

integral representation of power functions leads to:

2nβ
˜H

(2n −K)d

2n−K∑

p=1

|ΔXp,n|β

=

∫

R

Sn(y) − 1 − iy1|y|≤1
1

(2n−K)d

∑2n−K
p=1 2n

˜HΔXp,n

|y|1+β
dy.
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The sequence
2n−K∑

p=1

ΔXp,n is a telescopic one: E

(
2n−K∑

p=1

ΔXp,n

)2

converges

to zero and can be overestimated by a constant. By Borel–Cantelli’s lemma,

2n
˜H

(2n −K)d

2n−K∑

p=1

ΔXp,n converges (a.s.) to 0.

An application of the dominated convergence theorem leads to:

lim
n→+∞

2nβ
˜H

(2n −K)d

2n−K∑

p=1

|ΔXp,n|β (a.s.)
=

∫

R

S(y) − 1

|y|1+β
dy.

We now study the β-variations for α < β < 2. The integral
∫

R

S(y) − 1

|y|1+β
dy

is divergent, of course the dominated convergence theorem cannot be applied
anymore. First let us recall that

∫

R

ESn(y) − 1

|y|1+β
dy =

∫

R

exp
{
|y|α ∫

Rd×R
E(v, σ)dσ dv

|v|1+α1|v|≤|y|2n d
α

}
− 1

|y|1+β
dy,

where

E(v, σ) = exp(ivΔG0,1(σ)) − 1 − ivΔG0,1(σ).

The previous integral is split into three terms. To make it short, the integrand with
respect to y has not been written in the following when no confusion is possible.

• |y| ≤ 2−n d
α .

The change of variables z = y2n
d
α leads to

∫

|y|≤2−n d
α

exp
{

|y|α ∫
Rd×R

E(v, σ)dσ dv
|v|1+α1|v|≤|y|2n d

α

}
− 1

|y|1+β
dy

= 2nd
β
α

∫

|z|≤1

exp
{
2−nd|z|α ∫

Rd×R
E(v, σ)dσ dv

|v|1+α1|v|≤|z|
}

− 1

|z|1+β
dz.

Since 2−nd → 0 as n → +∞, a Taylor expansion of order 1 is used:

exp

{
2−nd|z|α

∫

Rd×R

E(v, σ)dσ
dv

|v|1+α
1|v|≤|z|

}
− 1

= 2−nd|z|α
∫

Rd×R

E(v, σ)dσ
dv

|v|1+α
1|v|≤|z|(1 + o(1)).
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Note that, because of the term 1|v|≤|z|, the integral
∫

|z|≤1

dz

|z|1+β−α

∫

Rd×R

E(v, σ)dσ
dv

|v|1+α
1|v|≤|z|

is convergent. It follows that

∫

|y|≤2−n d
α

exp
{

|y|α ∫
Rd×R

E(v, σ)dσ dv
|v|1+α1|v|≤|y|2n d

α

}
− 1

|y|1+β
dy

= 2n(−d+ dβ
α )
∫

|z|≤1

dz

|z|1+β−α

∫

Rd×R

E(v, σ)dσ
dv

|v|1+α
1|v|≤|z|(1 + o(1)).

• |y| > 1

n
.

Because of the symmetry of
dv

|v|1+α
, the integral

∫

Rd×R

E(v, σ)dσ
dv

|v|1+α
1|v|≤|y|2n d

α
is negative.

We can bound exp

{
|y|α

∫

Rd×R

E(v, σ)dσ
dv

|v|1+α
1|v|≤|y|2n d

α

}
by 1, so that

∫

|y|≥1/n

exp
{
|y|α ∫

Rd×R
E(v, σ)dσ dv

|v|1+α1|v|≤|y|2n d
α

}
− 1

|y|1+β
dy ≤ Cnβ .

• 2−n d
α < |y| ≤ 1

n
.

Since
1

n
→ 0, a Taylor expansion of order 1 leads to:

∫

2−n d
α ≤|y|≤1/n

exp
{

|y|α ∫
Rd×R

E(v, σ)dσ dv
|v|1+α1|v|≤|y|2n d

α

}
− 1

|y|1+β
dy

=

∫

2−n d
α ≤|y|≤1/n

dy

|y|1+β−α

∫

Rd×R

E(v, σ)dσ
dv

|v|1+α
1|v|≤|y|2n d

α
(1 + o(1)).

The change of variable z = y2n
d
α leads to:

∫

2−n d
α ≤|y|≤1/n

dy

|y|1+β−α

∫

Rd×R

E(v, σ)dσ
dv

|v|1+α
1|v|≤|y|2n d

α

= 2n(−d+dβ
α )
∫

1≤|z|≤2n
d
α /n

dz

|z|1+β−α

∫

Rd×R

E(v, σ)dσ
dv

|v|1+α
1|v|≤|z|.
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Since β > α, the integral

∫

1≤|z|≤2n
d
α /n

dz

|z|1+β−α

∫

Rd×R

E(v, σ)dσ
dv

|v|1+α
1|v|≤|z|

converges to

∫

1≤|z|

dz

|z|1+β−α

∫

Rd×R

E(v, σ)dσ
dv

|v|1+α
1|v|≤|z|,

so that

∫

2−n d
α ≤|y|≤1/n

exp
{

|y|α ∫
Rd×R

E(v, σ)dσ dv
|v|1+α1|v|≤|y|2n d

α

}
− 1

|y|1+β
dy

= 2n(−d+ dβ
α )(1 + o(1))

∫

|z|≥1

dz

|z|1+β−α

∫

Rd×R

E(v, σ)dσ
dv

|v|1+α
1|v|≤|z|.

To sum up, the first term is equivalent to C2n(−d+ dβ
α ), the third is equivalent to

C2n(−d+dβ
α ) and the second one is negligible as compared to the two others. We

have proved that

2n(d− dβ
α )
∫

R

ESn(y) − 1

|y|1+β
dy → C.

From Lemma 5.5, Sn(y) = ESn(y)(1 + o(a.s.)(1)). We have therefore proved that

2nβ
˜H 2n(d−dβ/α)Vn,β converges, as n → +∞ to a constant. Since βH̃ + d −

dβ/α) = β(H − d/2 + d/β), Theorem 5.2 is proved. 	


6 Simulation

So far in this article we have seen many fractional fields, and this section will
be devoted to the simulation of some of these fields. In the literature, there exist
articles for simulation of the fractional fields that are non Gaussian. In [13] a
wavelet expansion is used to approximate harmonizable and well-balanced type
of fractional stable processes. For the linear fractional stable processes, which are
fields in dimension 1 similar to mafsfs, the fast Fourier transform is the main tool for
simulation in [37,42]. One can also quote [26], where another integral representation
of the linear fractional stable processes is used to obtain simulation of the sample
paths. Even though all these processes are stable, they have different distributions
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and for each one a specific method is used. Concerning non stable fields, generalized
shot noise series introduced for simulations of Lévy processes in [31–33] were used
for simulation of the sample paths of real harmonizable multifractional fields in [22].
One of the advantages of this method is the fact that it can be applied to fractional
fields that are neither with stationary increments nor self-similar. Moreover, it
is straightforward to apply this technique to the simulation of fields indexed by
multidimensional spaces. In this section, our main goal is to show how this method
can be applied to most of the fractional fields.

Let us describe how one can obtain an algorithm of simulation, when an
integral representation of the fractional field is known. We will be interested in the
simulation of stochastic integrals of the form

Xf(t) =

∫

Rd

f(t, s)Λ(ds), t ∈ R
d,

withΛ a random measure, which is either a Lévy or a stable random measure defined
respectively in Sects. 2.2 and 2.3.

Basically, one can consider the random measure Λ as a sum of weighted Dirac
masses at random points at the arrival times of a standard Poisson process. After
the transformation, the integrals are series which may be simulated by properly
truncating the number of terms.

We also would like to stress that we have obtained rates of convergence for the
truncating series. More precisely, almost sure rates of convergence are given both
for each marginal of the field, and uniformly if the field is simulated on a compact
set. The almost sure convergence is related to asymptotic developments of the
deterministic kernel in the integral representation of the field. Let us also emphasize
Theorem 6.1, which is an important tool to reach rates of convergence for series of
symmetric random variables under moment assumptions. This theorem may have
interest of its own and is needed in the heavy tail cases. Rates of convergence in
Lr-norm with explicit constant are further obtained.

When the control measure of Λ has infinite mass, a technical complication arises.
Following [2,22], one part ofXf will then be approximated by a Gaussian field and
the error due to this approximation will be given in terms of Berry–Esseen bounds.
The other part will be represented as series.

In Sect. 6.1, rates of almost sure convergence for shot noise series are studied.
Section 6.2 is devoted to some facts concerning stochastic integrals with respect to
random measures, which are refinement of Sect. 2. Then, convergence and rates of
convergence of the generalized shot noise series are given in Sect. 6.3. Section 6.4
gives an approximation of the stochastic integrals, when the control measure has
infinite mass, and establishes Berry–Esseen bounds. Examples, that include most
of the classical fractional fields, are given in Sect. 6.6, illustrated by simulations.
Section 6.7 is devoted to the case of complex random measures, which are important
for harmonizable fields. The proofs of Theorems 6.1 and 6.2 are given in the
Sect. 6.7.
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6.1 Rate of Almost Sure Convergence for Shot Noise Series

In this section, we first establish the main tools to reach rates of convergence of
the approximation proposed in Sect. 6.3. The two following theorems study rates
of convergence for series of symmetric random variables. In particular, they can be
applied to

Sγ
N =

N∑

n=1

T−1/γ
n Xn, (114)

where 0 < γ < 2 and Tn is the nth arrival time of a Poisson process with intensity 1.
Let us recall that if (Xn)n≥1 is independent of (Tn)n≥1, the shot noise series (114)
converge almost surely to a stable random variable with index γ as soon as (Xn),
n ≥ 1, are independent and identically distributed (i.i.d) Lγ-symmetric random
variables, see for instance [23,34]. Under a stronger integrability assumption, a rate
of almost sure convergence is given by Theorem 6.1. Theorem 6.2 gives a rate of
absolute almost sure convergence.

Theorem 6.1. Let (Xn)n≥1 be a sequence of i.i.d. symmetric random variables.
Assume that (Xn)n≥1 is independent of (Tn)n≥1 and of a sequence (Yn)n≥1 which
satisfies

|Yn| ≤ CT−1/γ
n a.s. (115)

for some finite constants C > 0 and γ ∈ (0, 2). Furthermore, assume E(|Xn|r) <
+∞ for some r > γ. Then, for every ε ∈ (0, 1/γ − 1/(r ∧ 2)), almost surely,

sup
N≥1

Nε

∣
∣∣
∣
∣

+∞∑

n=N+1

YnXn

∣
∣∣
∣
∣
< +∞.

Proof. See the Sect. 6.7. 	

The Theorem 6.1 will give us a rate of almost sure convergence of our

approximation by generalized shot noise series (see Sect. 6.3). In this paper, we are
also interested in the uniform convergence of our approximation, when the field Xf

is simulated on a compact set. The next theorem will be the main tool to establish
this uniform convergence and obtain a rate of uniform convergence.

Theorem 6.2. Let (Xn)n≥1 be a sequence of i.i.d random variables and γ ∈ (0, 1).
Assume that (Xn)n≥1 is independent of (Tn)n≥1 and that E(|Xn|r) < +∞ for
some r > γ. Then, for every ε ∈ (0, 1/γ − 1/(r ∧ 1)), almost surely,

sup
N≥1

Nε
+∞∑

n=N+1

T−1/γ
n |Xn| < +∞.

Proof. See the Sect. 6.7. 	
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6.2 Stochastic Integrals Revisited

In this section, the definitions in the Sect. 2.1 of stochastic integrals with respect to
Poisson random measures are generalized (see [30] for more details). LetN(ds , dv)
be a Poisson random measure on R

d × R with intensity n(ds , dv) = dsμ(dv).
Assume that the non-vanishing σ-finite measure μ(dv) is a symmetric measure such
that ∫

R

(
|v|2 ∧ 1

)
μ(dv) < +∞, (116)

where a ∧ b = min (a, b). In particular, μ(dv) may have an infinite second order
moment. The assumption (116) is weaker than the assumption (4). Similarly, in
Sect. 6.7, the control measure satisfies a weaker assumption than the one made
in (16).

The stochastic integral
∫

Rd×R

ϕ(s, v)
[
N(ds , dv) − (1 ∨ |ϕ(s, v)|)−1

n(ds , dv)
]
,

where a∨b= max (a, b), is defined if and only if
∫

Rd×R

(
|ϕ(s, v)|2 ∧ 1

)
n(ds , dv)<

+ ∞, see for instance Lemma 12.13 page 236 in [18].
Then, we can consider a random measure Λ(ds) on R

d defined by
∫

Rd

g(s)Λ(ds) =

∫

Rd×R

g(s)v
(
N(ds , dv) − (|g(s)v| ∨ 1)

−1
n(ds , dv)

)
(117)

for every g : Rd → R such that
∫

Rd×R

|g(s)v|2 ∧ 1n(ds, dv) < +∞. We have that

E

[
exp

(
i

∫

Rd

g(s)Λ(ds)

)]

= exp

[∫

Rd×R

[
exp(ig(s)v) − 1 − ig(s)v1|g(s)v|≤1

]
ds μ(dv)

]
, (118)

see for instance [18]. Therefore Λ is an infinitely divisible random measure.
As explained below (see Examples 6.3 and 6.4), Lévy random measures and

stable random measures are examples of such infinitely divisible random mea-
sures represented by a Poisson random measure owing to (117). Here are some
illustrations.

Example 6.3. Let μ(dv) be a symmetric measure such that

∫

R

|v|2 μ(dv) < +∞.
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Then, for every g ∈ L2
(
R

d
)
,

∫

Rd×R

|g(s)v|1|g(s)v|≥1

(
1 − 1

|g(s)v| ∨ 1

)
dsμ(dv)

≤
∫

R

|v|2 μ(dv)

∫

Rd

g(v)2dv < ∞.

Since μ(dv) is a symmetric measure

∫

Rd×R

g(s)v

(
1 − 1

|g(s)v| ∨ 1

)
dsμ(dv) = 0

and (117) can be rewritten as

∫

Rd

g(s)Λ(ds) =

∫

Rd×R

g(s)v (N(ds , dv) − n(ds , dv)).

If the symmetric measure μ(dv) satisfies the assumptions (4), i.e. if

∀p ≥ 2,

∫

R

|v|p μ(dv) < +∞,

Λ(ds) is a Lévy random measure represented by the Poisson random measure
N(ds , dv) in the sense of the Sect. 2.1. Under the above assumptions, the field
(XH(t))t∈Rd , defined by

XH(t) =

∫

Rd

(
‖t− s‖H−d/2 − ‖s‖H−d/2

)
Λ(ds)

is a moving average fractional Lévy field, in short mafLf, with indexH (0 < H < 1,
H 
= d/2).

Example 6.4. In the case where

μ(dv) =
dv

|v|1+α

with 0 < α < 2, the random measure Λ(ds), defined by (117), is a symmetric
α-stable random measure in the sense of Sect. 2.3. Then, for instance,

XH(t) =

∫

Rd

(
‖t− s‖H−d/α − ‖s‖H−d/α

)
Λ(ds), t ∈ R

d

is a moving average fractional stable field, in short mafsf, with indexH (0 < H < 1,
H 
= d/α).
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In the following, we will be interested in the simulation of stochastic integrals of
the form

Xf (t) =

∫

Rd

f(t, s)Λ(ds), t ∈ R
d, (119)

whereΛ(ds) is defined by (117) and f : Rd×R
d → R is such that for every t ∈ R

d,

∫

Rd×R

(
|f(t, s)v|2 ∧ 1

)
n(ds , dv) < +∞. (120)

To analyze these stochastic integrals, we represent them as series (known as shot
noise series) for which we carefully study the rates of convergence.

6.3 Generalized Shot Noise Series

An overview of representations of infinitely divisible laws as series is given in [32,
33], and the field Xf is an infinitely divisible field. Such a representation of rhmLfs
introduced in [21] has been studied in [22]. As in the case of rhmLfs, the infinitely
divisible field Xf can be represented as a generalized shot noise series, as soon as
the control measure μ(dv) has finite mass. Hence, in this section, we assume

μ(R) < +∞. (121)

Let us recall that μ(dv) is a non-vanishing measure, i.e. μ(R) 
= 0.
Let us now introduce some notation that will be used throughout the paper.

Notation. Let (Vn)n≥1 and (Un)n≥1 be independent sequences of random vari-
ables. We assume that (Un, Vn)n≥1 is independent of (Tn)n≥1.

• (Vn)n≥1 is a sequence of i.i.d. random variables with common law μ(dv)/μ(R).
• (Un)n≥1 is a sequence of i.i.d. random variables such that U1 is uniformly

distributed on the unit sphere Sd−1 of the Euclidean space Rd.
• cd is the volume of the unit ball of Rd.

The following statement is the main series representation, we will be using in our
investigation.

Proposition 6.5. Assume that (120) is fulfilled. Then, for every t ∈ R
d, the series

Y f (t) =

+∞∑

n=1

f

(

t,

(
Tn

cd μ(R)

)1/d

Un

)

Vn (122)

converges almost surely. Furthermore, {Xf(t) : t ∈ R
d} (d)

= {Y f (t) : t ∈ R
d}.
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Remark 6.6. In the framework of rhmLfs, [22] directly establishes the almost
convergence of the shot noise series in the space of continuous functions endowed
with the topology of uniform convergence on compact sets. Such a result assumes
the continuity of the deterministic kernel f and in our framework, this kernel
function may be discontinuous. Nevertheless, under assumptions on the asymptotic
expansion of f as ‖s‖ tends to infinity, (122) also converges almost surely, uniformly
in t, on each compact set. Such a result, stated in Proposition 6.10, will be deduced
from the Theorem 6.2.

Proof. Let p be an integer, p ≥ 1, (u1, · · · , up) ∈ R
p and (t1, · · · , tp) ∈ (Rd

)p
.

We consider the Borel measurable map

H : ]0,+∞[×D −→ R

(r, ṽ) �−→
p∑

j=1

ujf

(

tj ,

(
r

cdμ(R)

)1/d

u

)

v,

where D = Sd−1 × R and ṽ = (u, v) ∈ D means u ∈ Sd−1 and v ∈ R. Then,
define a measure Q on the Borel σ-field B(R) by

∀B ∈ B(R), Q(B) =

∫ +∞

0

∫

D

1B\{0}(H(r, ṽ)) λ(dṽ) dr,

where λ is the law of Ṽn = (Un, Vn). In the previous formula, please note that the
measure Q({0}) = 0, which is a necessary condition for a Lévy measure. Then,

∫

R

|y|2 ∧ 1Q(dy)

=

∫

]0,+∞[×D

H2(r, ṽ) ∧ 1 dr λ(dṽ)

=

∫ ∞

0

dr

∫

Sd−1

du

∫ ∞

−∞

μ(dv)

μ(R)
[(

p∑

j=1

ujf

(

tj ,

(
r

cdμ(R)

)1/d

u

)

v)2 ∧ 1]

Then, proceeding as in the proof of Proposition 3.1 in [22], i.e. using the change of
variable ρ = (r/(cdμ(R)))

1/d and polar coordinates, one obtains that the previous
integral is equal to

dcdμ(R)

∫

R

dρρd−1

∫

Sd−1

du

∫ ∞

−∞

μ(dv)

μ(R)
[(

p∑

j=1

ujf(tj , ρ)v)
2 ∧ 1]

= dcd

∫

Rd

ds

∫ ∞

−∞
μ(dv)[((

p∑

j=1

ujf(tj , ρu))
2v2) ∧ 1] .
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Hence it is bounded byK
∑p

j=1

∫
Rd×R

[(ujf(tj , s)
2)v2∧1]dsμ(dv) < +∞, where

0 < K < +∞.
Since

∫
R
|y|2 ∧ 1Q(dy) < +∞, Q is a Lévy measure on R. Therefore, according

to Theorem 2.4 in [32], the sequence

N∑

n=1

H
(
Tn, Ṽn

)
−A(TN ),

where for s ≥ 0,

A(s) =

∫ s

0

∫

D

H(r, ṽ)1|H(r,ṽ)|≤1 λ(dṽ) dr,

converges almost surely as N → +∞. Moreover, since μ is a finite and symmetric
measure, by the definition of H and of the measure λ(dṽ), A(s) = 0 for every
s ≥ 0. Therefore, (taking p = 1), for every t,

Y f (t) =

+∞∑

n=1

f

(

t,

(
Tn

cdμ(R)

)1/d

Un

)

Vn

converges almost surely. Furthermore, due to Theorem 2.4 in [32], we have that

E

⎡

⎣exp

⎛

⎝i
p∑

j=1

ujY
f (tj)

⎞

⎠

⎤

⎦ = exp

[∫

R

(
exp(iy) − 1 − iy1|y|≤1

)
Q(dy)

]

By the definition ofQ and the symmetry of μ(dv), one easily sees that {Xf(t) : t ∈
R

d} (d)
= {Y f (t) : t ∈ R

d}. The proof of Proposition 6.5 is then complete. 	

On the basis of Proposition 6.5, Y f , which is equal in law to Xf , is approxi-

mated by

Y f
N (t) =

N∑

n=1

f

(

t,

(
Tn

cdμ(R)

)1/d

Un

)

Vn, t ∈ R
d. (123)

We now explain in a few words how the rate of convergence of Y f
N to Y f can be

studied. Firstly, let us recall the following classical result for Poisson arrival times:

lim
n→+∞

Tn
n

= 1 almost surely. (124)

Hence, the asymptotics of (123) depends on (Vn)n≥1 and on the asymptotics of
f(t, s) as ‖s‖ tends to infinity. Under an assumption on this asymptotics, the rate
of convergence of Y f

N will be deduced from the rate of convergence of some series
of the kind of Sγ

N defined by (114).
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Let us first study the almost sure and Lr errors for each fixed t.

Theorem 6.7. Let t ∈ R
d. Assume that

∀s 
= 0, |f(t, s)| ≤ C

‖s‖β
, (125)

where β > d/2 and C > 0. Furthermore, assume there exists r ∈ (d/β, 2] such
that E(|V1|r) < +∞
1. Then, for every ε ∈ (0, β/d− 1/r), almost surely,

sup
N≥1

Nε
∣
∣
∣Y f (t) − Y f

N (t)
∣
∣
∣ < +∞.

2. Moreover, for every integer N > rβ/d,

E

(∣∣
∣Y f

N (t) − Y f (t)
∣∣
∣
r)

≤ C(r, β)
D(N, r, β)

N rβ/d−1
, (126)

where

D(N, r, β) =
Γ (N + 1 − rβ/d) (N + 1)

rβ/d

Γ (N + 1)
(127)

and

C(r, β) =
dCr(cdμ(R))

rβ/d
E(|V1|r)

rβ − d
. (128)

Remark 6.8. Remark that limN→+∞D(N, r, β) = 1 by the Stirling formula.
Hence, Theorem 6.7 gives a rate of convergence in Lr for the series Y f

N . Further-
more, (126) allows us to control the error of approximation in simulation.

Remark 6.9. Assume that (125) is only fulfilled for ‖s‖ ≥ A. Then, let

g(t, s) = f(t, s)1‖s‖≥A

and remark that
Y f = Y g + Y f−g, (129)

where Y h is associated with h by (122). Hence, since g satisfies the assumptions of
Proposition 6.7, an almost sure or Lr error may be obtained. Furthermore, in view
of (124),

Y f−g(t) =

+∞∑

n=1

(f − g)

(

t,

(
Tn

cdμ(R)

)1/d

Un

)

Vn

is, almost surely, a finite sum since for n large enough, Tn > Adcdμ(R). This
remark is used for mafsfs or mafLfs in Sect. 6.6.
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Let us now prove Theorem 6.7.

Proof. In the following,

sn =

(
Tn

cdμ(R)

)1/d

Un.

1. Proof of Part 1: Rate of Almost Sure Convergence
In view of (125),

|f(t, sn)| ≤ C(cdμ(R))
β/d

T
β/d
n

. (130)

Then, by applying Theorem 6.1 with Tn = Vn and Yn = f(t, sn),

sup
N≥1

Nε
∣∣
∣Y f (t) − Y f

N (t)
∣∣
∣ < +∞ almost surely,

for every ε ∈ (0, β/d− 1/r).

2. Proof of Part 2: Lr-error
Let εn, n ≥ 1 be a sequence of independent Bernoulli random variables taking
values ±1 with probability 1/2. Then, for every r ∈ (0, 2] and every real numbers
a1, . . . , an,

E

(∣∣
∣
∣∣

n∑

i=1

aiεi

∣
∣
∣
∣∣

r)

≤
n∑

i=1

|ai|r.

Indeed, by Jensen’s inequality

E

(∣∣
∣
∣
∣

n∑

i=1

aiεi

∣∣
∣
∣
∣

r)

≤
⎡

⎣E

⎛

⎝

∣∣
∣
∣
∣

n∑

i=1

aiεi

∣∣
∣
∣
∣

2
⎞

⎠

⎤

⎦

r/2

=

(
n∑

i=1

|ai|2
)r/2

and the result follows since (a + b)r/2 ≤ ar/2 + br/2 (r ∈ (0, 2]) for every
a, b ≥ 0. Now, Vn, n ≥ 1, is a sequence of independent symmetric random
variables. Thus, it has the same distribution as εnVn, n ≥ 1 where εn, n ≥ 1 is
assumed to be independent of Vn, n ≥ 1, as well as of the sequence sn, n ≥ 1.
Therefore, conditionally on Vn and sn, it follows from the latter that

E

(∣∣∣
∣
∣

P∑

n=N+1

f(t, sn)Vn

∣
∣∣
∣
∣

r)

≤
P∑

n=N+1

E(|f(t, sn)|r|Vn|r)

= E(|V1|r)
P∑

n=N+1

E(|f(t, sn)|r).
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Then, by (130),

E

(∣∣
∣∣
∣

P∑

n=N+1

f(t, sn)Vn

∣
∣
∣∣
∣

r)

≤ Cr(cdμ(R))
rβ/d

E(|V1|r)
P∑

n=N+1

E

(
T−rβ/d
n

)

≤ Cr(cdμ(R))
rβ/d

E(|V1|r)
P∑

n=N+1

Γ (n− rβ/d)

Γ (n)
.

Therefore,

E

(∣∣
∣
∣
∣

P∑

n=N+1

f(t, sn)Vn

∣∣
∣
∣
∣

r)

≤ Cr(cdμ(R))rβ/dE(|V1|r) sup
n≥N

D(n, r, β)
+∞∑

n=N+1

1

nrβ/d

where D(n, r, β) is defined by (127). According to the proof of Proposition 3.2
in [22],

sup
n≥N

D(n, r, β) = D(N, r, β)

and then

E

(∣∣
∣
∣
∣

P∑

n=N+1

f(t, sn)Vn

∣
∣
∣
∣
∣

r)

≤ dCr(cdμ(R))rβ/dE(|V1|r)D(N, r, β)

(rβ − d)N rβ/d−1

since r > d/β. Then, by the Fatou lemma,

E

(∣∣
∣
∣∣

+∞∑

n=N+1

f(t, sn)Vn

∣
∣
∣
∣∣

r)

≤ dCr(cdμ(R))rβ/dE(|V1|r)D(N, r, β)

(rβ − d)N rβ/d−1
.

The proof of Theorem 6.7 is complete. 	

Actually, if f admits an expansion, roughly speaking uniform in t, as ‖s‖ tends

to infinity, the next theorem gives a rate of uniform convergence in t for Y f
N .

Theorem 6.10. Let K ⊂ R
d be a compact set, p ≥ 1 and (βi)1≤i≤p be a non-

decreasing sequence. such that β1 > d/2 and βp > d. Assume that for every t ∈ K
and s 
= 0, ∣

∣
∣
∣∣
∣
f(t, s) −

p−1∑

j=1

aj(t)bj(s/‖s‖)

‖s‖βj

∣
∣
∣
∣∣
∣
≤ bp(s/‖s‖)

‖s‖βp
(131)
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where aj , j = 1, . . . , p− 1, are real-valued continuous functions. Furthermore, as-
sume that there exists r ∈ (d/β1, 2] such that E(|Vn|r) < +∞ and E(|bj(Un)|r) <
+∞ for j = 1, . . . , p. Then for every ε ∈ (0,min (β1/d− 1/r, βp/d− 1/(1 ∧ r))),

sup
N≥1

Nε sup
t∈K

∣∣
∣Y f (t) − Y f

N (t)
∣∣
∣ < +∞ almost surely.

Remark 6.11. In (131), the functions bj provide an anisotropic control of the
asymptotic expansion of f .

Proof. We have

∣∣
∣Y f (t) − Y f

N (t)
∣∣
∣ ≤

p−1∑

j=1

|aj(t)|
∣
∣∣
∣
∣

+∞∑

n=N+1

(
Tn

cdμ(R)

)−βj/d

bj(Un)Vn

∣
∣∣
∣
∣

+

+∞∑

n=N+1

(
Tn

cdμ(R)

)−βp/d

|bp(Un)Vn|.

Note that (bj(Un)Vn)n≥1 are i.i.d. symmetric random variables such that
E(|bj(Un)Vn|r) < +∞. Hence, since 0 < d/βj < r ≤ 2, by Theorem 6.1,
for every ε ∈ (0, βj/d− 1/r),

sup
N≥1

Nε

∣
∣∣
∣
∣

+∞∑

n=N+1

T−βj/d
n bj(Un)Vn

∣
∣∣
∣
∣
< +∞ almost surely.

In addition, since E(|bp(Un)Vn|r) < +∞ and d/βp < 1, by Theorem 6.2, for every
ε ∈ (0, βp/d− 1/(1 ∧ r)),

sup
N≥1

Nε
+∞∑

n=N+1

T−βp/d
n |bp(Un)Vn| < +∞ almost surely,

which ends the proof since aj , j = 1, . . . , p − 1, are continuous and thus bounded
on the compact set K . 	


6.4 Normal Approximation

When the assumption (121) is not fulfilled, the results of Sect. 6.3 cannot be directly
applied. In this case, the simulation of Xf is not only based on a series expansion
but also on a normal approximation. Actually, following [2, 22], we will split the
field Xf into two fields Xf

ε,1 and Xf
ε,2. It leads to a decomposition of Λ into two

random measures Λε,1 and Λε,2 such that the control measure of Λε,2 satisfies the
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assumption (121). As a consequence of Sect. 6.3,Xf
ε,2 can be represented as a series.

This section is thus devoted to the simulation of the first part Xf
ε,1 that will be

handled by normal approximation of the Berry–Esseen type.
Suppose now that

μ(R) = +∞, (132)

which is the case for mafsfs. Then let ε > 0 and let us split

Xf = Xf
ε,1 +Xf

ε,2

into two random fields where

Xf
ε,1(t) =

∫

Rd×R

f(t, s)v1|v|<ε

(
N(ds , dv) − (|f(t, s)v| ∨ 1)−1 n(ds , dv)

)

(133)
and

Xf
ε,2(t) =

∫

Rd×R

f(t, s)v1|v|≥ε

(
N(ds , dv) − (|f(t, s)v| ∨ 1)−1 n(ds , dv)

)
.

(134)
Consider the two independent Poisson random measures

Nε,1(ds , dv) = 1|v|<εN(ds , dv) and Nε,2(ds , dv) = 1|v|≥εN(ds , dv).

Let Λε,i (i = 1, 2) be the infinitely divisible random measure associated with Nε,i

by (117). Remark that Xf
ε,1 and Xf

ε,2 are independent and that

Xf
ε,i(t) =

∫

Rd

f(t, s)Λε,i(ds), i = 1, 2.

In addition, the control measure με,2(dv) = 1|v|≥ε μ(dv) of Λε,2 is finite and

symmetric. Therefore Xf
ε,2 can be simulated as a generalized shot noise series

(see Sect. 6.3). It remains to properly approximate Xf
ε,1. To this task, notice that

the control measure με,1(dv) = 1|v|<ε μ(dv) of Λε,1 has moments of every order
greater than 2. Hence, Λε,1 is a Lévy random measure in the sense of [3].

Set

σ(ε) =

(∫ ε

−ε

v2 μ(dv)

)1/2

. (135)

Proposition 6.12. Assume that for each t ∈ R
d, f(t, ·) ∈ L2

(
R

d
)

and

limε→0+
σ(ε)
ε = +∞. Then

lim
ε→0+

(
Xf

ε,1(t)

σ(ε)

)

t∈Rd

(d)
=
(
W f (t)

)
t∈Rd , (136)
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where, with W (ds) a real Brownian random measure defined in [9],

W f (t) =

∫

Rd

f(t, s)W (ds), (137)

and, where the limit is understood in the sense of finite dimensional distributions.

Proof. Let r ≥ 1, t = (t1, . . . , tr) ∈ (Rd
)r

and y = (y1, . . . , yr) ∈ R
r. Then

E

[

exp

(

i

r∑

k=1

yk
Xf

ε,1(tk)

σ(ε)

)]

= exp (Ψε(t, y))

with

Ψε(t, y)

=

∫

Rd×R

(
exp

(
ig(s, t, y)v

σ(ε)

)
− 1 − ig(s, t, y)v

σ(ε)
1|g(s,t,y)v|≤σ(ε)

)
ds με,1(dv)

and g(s, t, y) =
r∑

k=1

ykf(tk, s). Then, by the Fubini theorem,

Ψε(t, y) =

∫

Rd

Iε(g(s, t, y)) ds ,

where for every a ∈ R Iε(a) =

∫

R

(
ei

av
σ(ε) − 1 − i

av

σ(ε)
1|av|<σ(ε)

)
1|v|<ε μ(dv).

Since μ(dv) is a symmetric Lévy measure,

Iε(a) =

∫

R

(
ei

av
σ(ε) − 1 − i

av

σ(ε)

)
1|v|<ε μ(dv).

As lim
ε→0+

σ(ε)/ε = +∞, according to [2], lim
ε→0+

Iε(a) = −a2

2
. Since moreover

|Iε(a)| ≤ a2

2 , for every a ∈ R, a dominated convergence argument yields

lim
ε→0+

Ψε(t, y) = −1

2

∫

Rd

∣∣
∣
∣
∣

r∑

k=1

ykf(tk, s)

∣∣
∣
∣
∣

2

ds = −1

2
Var

(
r∑

k=1

ykW
f (tk)

)

.

Hence we get that
Xf

ε,1(t)

σ(ε) converges in distribution to a Gaussian random variable.

Moreover, if we recall that VarW f (t) =
∫
Rd f

2(t, s)ds for a real Brownian random
measure (136) is proved. 	
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As in the case of rhmLfs, an estimate in terms of Berry–Esseen bounds on the
rate of convergence stated in Proposition 6.12 may be given. The assumption of the
following theorem only ensures the existence of the moment of order (2 + δ) for
Xf

ε,1(t).

Theorem 6.13. Let t ∈ R
d and assume that f satisfies (120) and that

f(t, ·) ∈ L2+δ
(
R

d
)

(138)

for some δ ∈ (0, 1]. Then E

(∣
∣
∣Xf

ε,1(t)
∣
∣
∣
2+δ
)
< +∞, and

sup
u∈R

∣
∣
∣P
(
Xf

ε,1(t) ≤ u
)

− P
(
σ(ε)W f (t) ≤ u

)∣∣
∣ ≤ A(t, δ)

m2+δ
2+δ(ε)

σ2+δ(ε)
, (139)

where W f is defined by (137) in Proposition 6.12, m2+δ
2+δ(ε) =

∫ ε

−ε
|v|2+δ

μ(dv),
and

A(t, δ) =

Aδ

∫

Rd

|f(t, s)|2+δ
, ds

3

(
π

∫

Rd

|f(t, s)|2 ds
)(2+δ)/2

,

with

Aδ =

{
0.7975 if δ = 1

53.9018 if 0 < δ < 1.

Remark 6.14. Assume that f satisfies assumptions (120) and (138). Then, for every

t, f(t, ·) ∈ L2
(
R

d
)

and E

(∣∣
∣Xf

ε,1(t)
∣∣
∣
2
)
< +∞.

Proof. This proof is based on a generalization of Lemma 4.1 in [22].
Let L be the distribution of the infinitely divisible variableXf

ε,1(t). The LévyQ
measure of L is then the push-forward of nε,1(ds , dv) = dsμε,1(dv) by the map
(s, v) �→ f(t, s)v. Hence, for every γ > 0,

∫

R

|y|γQ(dy) = mγ
γ(ε)

∫

R

|f(t, s)|γ ds

where mγ
γ(ε) =

∫ ε

−ε|v|γ μ(dv). Note that m2
2(ε) = σ2(ε). Then, since f(t, ·) ∈

L2+δ
(
R

d
)
, ∫

R

|y|2+δQ(dy) < +∞.
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Therefore, according to Theorem 25.3 in [35],

∫

R

|y|2+δL (dy) < +∞ i.e. E

(∣
∣
∣Xf

ε,1(t)
∣
∣
∣
2+δ
)
< +∞.

As in the proof of Lemma 4.1 in [22], we then consider a Lévy process

(Z(x))x≥0 such that Z(1)
(d)
= Xf

ε,1(t). For each fixed n ∈ N\{0},

Z(1) =

n−1∑

k=0

(
Z

(
k + 1

n

)
− Z

(
k

n

))

where Yk,n = Z
(
k+1
n

) − Z
(
k
n

)
, 0 ≤ k ≤ n − 1, are i.i.d real-valued centered

random variables. Furthermore,

E

(
|Yk,n|2

)
=

E

(
|Z(1)|2

)

n
=

σ2(ε)

∫

Rd

|f(t, s)|2 ds
n

and since Z(1) ∈ L2+δ, Yk,n ∈ L2+δ. Therefore, according to [28], there exists a
constant Aδ such that, for every n ∈ N\{0},

sup
x∈R

∣
∣∣
∣
∣
∣
∣∣

P

⎛

⎜
⎜
⎝

Z(1)
√
E

(
|Z(1)|2

) ≤ x

⎞

⎟
⎟
⎠− P(W ≤ x)

∣
∣∣
∣
∣
∣
∣∣

≤
nAδE

(∣
∣Z
(
1
n

)∣∣2+δ
)

E

(
|Z(1)|2

)1+δ/2

whereW is a normal random variable with mean 0 and variance 1. When δ = 1, the
preceding inequality is the classical Berry–Esseen inequality and we can take A1 =
0.7975. In [28], one find that Aδ = max(8/3, 64A1 + 1 + 14/(3

√
2π)) = 53.9018.

Furthermore, it is straightforward that

sup
x∈R

∣∣
∣
∣
∣
∣∣
∣

P

⎛

⎜
⎜
⎝

Z(1)
√
E

(
|Z(1)|2

) ≤ x

⎞

⎟
⎟
⎠− P(W ≤ x)

∣∣
∣
∣
∣
∣∣
∣

= sup
u∈R

∣
∣
∣P
(
Xf

ε,1(t) ≤ u
)

− P
(
σ(ε)W f (t) ≤ u

)∣∣
∣.

According to [33],

lim
n→+∞nE

(∣
∣
∣
∣Z
(

1

n

)∣∣
∣
∣

2+δ
)

=

∫

R

|y|2+δQ(dy),

which concludes the proof. 	
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6.5 Summary

We now summarize the approximation scheme based on the preceding splitting.
First we approximate Xf

ε,1 by the Gaussian field σ(ε)W f . According to Sect. 6.3,

an approximation of Xf
ε,2 may be given by

Y f
ε,N,2(t) =

N∑

n=1

f

(

t,

(
Tn

cd με,2(R)

)1/d

Un

)

Vε,n, t ∈ R
d,

where (Vε,n)n is a sequence of i.i.d. random variables with common law

με,2(dv)/με,2(R). Note that Tn, Un and Vε,n are independent. Since Xf
ε,1 and

Xf
ε,2 are independent, W f is assumed to be independent of (Tn, Un, Vε,n). As a

result, in the case where μ(R) = +∞, under the assumptions of Proposition 6.12,
an approximation of Xf is

Y f
ε,N (t) = σ(ε)W f (t) +

N∑

n=1

f

(

t,

(
Tn

cd με,2(R)

)1/d

Un

)

Vε,n, t ∈ R
d.

The choice of the cutoff ε is an important point for the simulation. The starting point
for this choice is clearly the upper bound in (139). However this bound depends both
on the Lévy measure μ and on the integrand f. Hence it is rather specific to each
example. Nevertheless we can refer to the discussion in p. 489 of [2] to get the flavor
of the calibration of the cutoff.

6.6 Examples

This section illustrates with various examples the range of application of the
preceding results. In all the following examples,K ⊂ R

d is a compact set and (125)
is only fulfilled for ‖s‖ ≥ A. Then, as noticed in Remark 6.9, we may split

Y f
N = Y g

N + Y f−g
N ,

with g(t, s) = f(t, s)1‖s‖≥A. Since, Y g
N is in fact a finite sum (almost surely), the

rate of convergence described below is actually the rate of convergence of Y f−g
N .

6.6.1 Moving Average Fractional Lévy Fields

Let H ∈ (0, 1) such that H 
= d/2. Suppose that

fH,2(t, s) = ‖t− s‖H−d/2 − ‖s‖H−d/2
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and that for every p ≥ 2,
∫
R

|v|p μ(dv) < +∞. Then, XH,2 = XfH,2 is a mafLf in
the sense of section 4.1.

6.6.2 Case of Finite Control Measures

An approximation, in law, of the mafLf XH is given by

Y
fH,2

N (t) =

N∑

n=1

(∥∥
∥
∥
∥
t−
(

Tn
cdμ(R)

)1/d

Un

∥
∥
∥
∥
∥

)H−d/2

Let A = maxK ‖y‖ + 1, t ∈ K and ‖s‖ ≥ A. The mean value inequality leads to

|fH,2(t, s)| ≤
∣
∣
∣∣H − d

2

∣
∣
∣∣(A− 1) sup

0<θ<1
‖s− θt‖H−d/2−1.

Remark that ‖s− θt‖ ≥ ‖s‖ − ‖t‖ ≥ ‖s‖/A. Therefore, since H − d/2 − 1 < 0,
for every t ∈ K , for ‖s‖ ≥ A,

|fH,2(t, s)| ≤ C

‖s‖1−H+d/2
(140)

with C = |H − d/2|(A− 1)A1−H+d/2.
Let β1 = 1 − H + d/2 and gH,2(t, s) = fH,2(t, s)1‖s‖≥maxK ‖y‖+1. Note that

β1 > d/2 since 1 > H . Then, the assumptions of Theorem 6.7 are satisfied with
r = 2 and

E

(∣
∣Y gH,2

N (t) − Y gH,2 (t)
∣
∣2
)

≤ C(2, β1)D(N, 2, β1)

N2(1−H)/d

where C(2, β1) and D(N, 2, β1) are defined by (128) and (127). Therefore, the
mean square error converges at the rate N (1−H)/d.

We now focus on the uniform convergence of Y gH,2 . For every integer q ≥ 1, by
a Taylor expansion, one can prove that for every t ∈ K and for ‖s‖ ≥ A,

∣
∣∣
∣
∣
∣
fH,2(t, s) −

q−1∑

j=1

‖s‖H−j−d/2
dj(t, s/‖s‖)

∣
∣∣
∣
∣
∣
≤ Bq,A,H‖s‖H−d/2−q

, (141)

for some positive constant Bq,A,H and where the d′
js are polynomial functions in

ti and ui, i = 1 . . . d, j = 1 . . . d. Since the dj ’s are polynomial functions, one can
easily see that gH,2 satisfies the assumption (131) taking β1 = 1−H+d/2 and βp =
q − H + d/2. Since (141) holds for every integer q ≥ 1, by Theorem 6.10, Y gH,2

N

converges uniformly at the rateNε for every ε ∈ (0, (1−H)/d). Let us now present
one example (see Fig. 1) taking μ(dv) = (δ−1 + δ1)/2. In this example, we first
simulate a realization of the random variables (Tn, Un, Vn). Then, for these values
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of (Tn, Un, Vn)1≤n≤N , we evaluate Y fH,2

N for H = 0.3 and H = 0.7. We observe
that the trajectory regularity does not depend on the value of H . Actually, one can
see that the derivatives of Y gH,2

N , at each order, converge uniformly on each compact
set. Therefore, Y gH,2 has C ∞ sample paths almost surely. As a consequence, the
sample paths of Y fH,2 are C ∞ except at points sn = (Tn/cdμ(R))

1/d
Un. At these

points, the behavior depends on H : while, when H < d/2, Y fH,2

N is not defined,

when H > d/2, the pointwise Hölder exponent of Y fH,2

N is given by H − d/2. In
Fig. 1, we observe that the sample paths are smooth on [0, 1] except at two points.

6.6.3 Case of Infinite Control Measures

In this example,

μ(dv) =
1|v|≤1 dv

|v|1+α with 0 < α < 2.

Let (Vε,n)n≥1 be a sequence of i.i.d variables with common law

α 1ε<|v|<1 dv

2(ε−α − 1)|v|1+α .

Moreover, let BH be a standard fractional Brownian field (cf. Definition 3.1 with
C = 1) with index H and assume that BH , (Un)n≥1, (Tn)n≥1 and (Vε,n)n≥1 are
independent. An approximation of the mafLf XH is thus given by

Y
fH,2

ε,N (t) =

N∑

n=1

⎛

⎝

∥
∥∥
∥
∥
t−
(

Tn
cdμε,2(R)

)1/d

Un

∥
∥∥
∥
∥

H−d/2

−
(

Tn
cdμε,2(R)

)H/d−1/2
⎞

⎠Vε,n

+σ(ε)W fH,2(t), (142)
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where

W fH,2(·) =

∫

Rd

fH,2(·, s)W (ds)
(d)
= CH,dBH(·),

with

CH,d =

(∫

Rd

|fH,2(e1, s)|2 ds
)1/2

,

and e1 = (1, 0, . . . , 0). Actually, by a Fourier transform argument,

CH,d =
2H−2|d− 2H |Γ (H/2 + d/4)

Γ (d/4 + 1 −H/2)

(∫

Rd

∣
∣e−ie1·λ − 1

∣
∣2

‖λ‖2H+d
dλ

)1/2

.

As a result, due to [34] for d = 1 and to [22] for d ≥ 2,

CH,d =
2H−2|d− 2H |Γ (H/2 + d/4)

Γ (d/4 + 1 −H/2)

(
π(d+1)/2Γ (H + 1/2)

HΓ (2H) sin (πH)Γ (H + d/2)

)1/2

.

(143)

Since H > 0, there exists δ ∈ (0, 1] such that H > d/2 − d/(2 + δ), which
implies that fH,2(t, ·) ∈ L2+δ(Rd). Then, by Theorem 6.13, in terms of Berry–
Esseen bounds, the rate of convergence of the error due to the approximation of
Xf

ε,1(t) is of the order

δ(ε) =
(2 − α)

1+δ/2
εαδ/2

(2 + δ − α)2δ/2
.

Except at points sn = (Tn/cdμε,2(R))1/dUn, the trajectory regularity of Y fH,2

ε,N

is given by the trajectory regularity ofW fH,2 . Between two points sn, the pointwise
Hölder exponent of Y fH,2

ε,N is equal to H . When H > d/2, the trajectories of Y fH,2

ε,N

are thus H ′-Hölder on each compact set for every H ′ < H − d/2. Following [3],
this is exactly what we expect for the trajectory regularity of a mafLfXH associated
to an infinite control measure. Figure 2 yields illustration of these facts in the case
where H = 0.8, α = 1, d = 1 and for the preceding control measure.

6.6.4 Moving Average Fractional Stable Fields

In this example,

μ(dv) =
dv

|v|1+α with 0 < α < 2, (144)

and

fH,α(t, s) =
(
‖t− s‖H−d/α − ‖s‖H−d/α

)
,
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with 0 < H < 1 and H 
= d/α. Here σ2(ε) = 2ε2−α/(2 − α) and με,2(R) =
2/(αεα). The approximation of the mafsf is given by formula (142), replacing d/2
by d/α in the summation and with

W fH,α(·) =

∫

Rd

fH,α(·, s)W (ds)
(d)
= CH+d/2−d/α,dBH+d/2−d/α(·).

More precisely, as previously, BH+d/2−d/α is a standard fBf with index H +
d/2 − d/α and CH+d/2−d/α,d is defined by (143). Furthermore, με,2(dv) =
1|v|>ε μ(dv) and (Vε,n)n≥1, is a sequence of i.i.d variables with common law
με,2(dv)/με,2(R). Let us recall that the sequences BH , (Un)n≥1, (Tn)n≥1 and
(Vε,n)n≥1 are independent. Thus, the approximation of the mafsf XH,α = XfH,α

is given by

Y
fH,α

ε,N (t) =

N∑

n=1

⎛

⎝

∥∥
∥∥∥
t −
(

Tn
cdμε,2(R)

)1/d

Un

∥∥
∥∥∥

H−d/α

−
(

Tn
cdμε,2(R)

)H/d−1/α
⎞

⎠Vε,n

+ σ(ε)W fH,α(t).

However, this approximation only holds if fH,α(t, ·) ∈ L2
(
R

d
)
, i.e. the fBf

BH+d/2−d/α is defined, that is if 1 > H > d/α− d/2.
Observe that the asymptotic expansion of fH,α is given by (141), replacing d/2

by d/α. Then, let gH,α(t, s) = fH,α(t, s)1‖s‖≥maxK ‖y‖+1 and note that Y fH,α

ε,N =

Y
gH,α

ε,N,2 + Y
fH,α−gH,α

ε,N,2 + σ(ε)W fH,α(t) with

Y h
ε,N,2(t) =

N∑

n=1

h

(
t,

Tn
cdμε,2(R)

)
Vε,N .
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As noticed in Remark 6.9, Y fH,α−gH,α

ε,N,2 is a finite sum. In addition, gH,α satisfies the
assumptions of Theorem 6.7 for every r < α. In this case therefore,

E

(∣∣∣Y gH,α

ε,N,2(t) − Y
gH,α

ε,2 (t)
∣
∣∣
r)

≤ C(r, β)D(N, r, β)

N r(1/d+1/α−H/d)−1
,

where β = 1+d/α−H . Furthermore, by Theorem 6.10,Y gH,α

ε,N,2 converges uniformly
at the rate Nε for every ε ∈ (0, (1 −H)/d).

Finally, when H > d/α − d/2, there exists δ ∈ (0, 1] such that H > d/α −
d/(2+ δ). Then, E

(∣∣
∣Xf

ε,1(t)
∣∣
∣
2+δ
)
< +∞ and as in the case of mafLfs, in terms of

Berry–Esseen bounds, the rate of convergence of the error due to the approximation
of Xf

ε,1(t) is of the order

δ(ε) =
(2 − α)

1+δ/2
εαδ/2

(2 + δ − α)2δ/2
.

Except at points sn = (Tn/cdμε,2(R))1/dUn, the pointwise Hölder exponent of

Y
fH,α

ε,N,2 is given by the one of W fH,α and thus is equal to H − d/α + d/2. When

H > d/α, on each compact set, Y fH,α

ε,N has H ′-Hölder sample paths for everyH ′ <
H − d/α. Figure 3 presents a realization of a mafsf when α = 1.5 and H = 0.7.

6.6.5 Linear Fractional Stable Motions

Here d = 1 and we use the notation of Sect. 6.6.4. In particular, μ(dv) is given
by (144). In this example, the kernel function is

f(t, s) =
(
(t− s)H−1/α

+ − (−s)H−1/α
+

)
,
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where (a)+ = a ∨ 0, H ∈ (0, 1), H 
= 1/α (with the convention 0H−1/α = 0).
Hence, LH,α = Xf is a linear fractional stable motion with index H (see [34]
for more details on this process). Furthermore, we may approximate LH,α in
distribution by

Y f
ε,N (t) =

N∑

n=1

((
t− TnUn

2με,2(R)

)H−1/α

+

−
( −TnUn

2με,2(R)

)H−1/α

+

)

Vε,n

+ σ(ε)W f (t),

where W f is defined by (137). As previously, W f is independent of ((Un, Tn,
Vε,n))n≥1. Moreover,

W f (·) =

∫

Rd

f(·, s)W (ds)
(d)
= C̃HBH+1/2−1/α

where BH+1/2−1/α is a fBf with index H + 1/2 − 1/α and

C̃H =

(∫

R

(
(t− s)

H−1/α
+ − (−s)H−1/α

+

)2
ds

)1/2

= Γ (H + 1/2)

√
sin ((H − 1/α)π)Γ (1 − 2H + 2/α)

2π(H + 1/2 − 1/α)(H − 1/α)

(145)

according to Lemma 4.1 in [40]. Obviously, this approximation only holds when
1 > H > 1/α− 1/2.

Furthermore, let us observe that

f(t, s) =

{
0 if s > maxK |y|
fH,α(t, s) if s < − maxK |y|.

As a consequence, we obtain the same estimates for the almost sure, the Lr errors
(r < α), and the rate of convergence in terms of Berry–Esseen bounds, as in the
case of mafsfs (see Sect. 6.6.4).

Figure 4 presents two realizations of lfsms for α = 1.5. As noticed in [37],
when H = 0.2, we observe spikes which take place at points sn. Actually, since
H = 0.2 < 1/α, when t tends to a point sn, Y f

ε,N (t) tends to infinity, which
explains that spikes appear. When H = 0.7 > 1/α, as in the case of mafsfs, the
sample paths of the approximation are H ′-Hölder on each compact set for every
H ′ < H − 1/α.
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6.6.6 Log-Fractional Stable Motion

Let d = 1 and 1 < α < 2, and assume that μ(dv) is given by (144). Furthermore,
(Vε,n)n≥1 and σ(ε) are defined as in Sect. 6.6.4. Remark that here (Un)n≥1 is a
sequence of i.i.d symmetric Bernoulli random variables. Then, let

f(t, s) = (ln |t− s| − ln |s|).

Hence,Xf is a log-fractional stable motion and its approximation in law is given by

Y f
ε,N (t) =

N∑

n=1

(
ln

∣
∣
∣∣t− TnUn

2με,2(R)

∣
∣
∣∣− ln

(
Tn

2με,2(R)

))
Vε,n + σ(ε)W f (t),

where

W f (t) =

∫

R

(ln |t− s| − ln |s|)W (ds)

is independent of ((Un, Tn, Vε,n))n≥1. Note that W f (d)
= CB1/2, where B1/2 is a

standard Brownian motion and

C =

∫

R

(ln |1 − s| − ln |s|)2 ds .

Furthermore, by a Fourier transform argument, one proves that [34]

C =

(
π

2

∫

R

∣
∣e−iλ − 1

∣
∣2

|λ|2 dλ

)1/2

= π.
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As previously, the rate of almost sure convergence can be studied. In particular, if

g(t, s) = f(t, s)1|s|≥maxK |y|+1,

Y g
ε,N,2 converges uniformly on K at least at the rate Nε for every ε ∈ (0, 1 −

1/α). Furthermore, the Lr-error can be controlled and decreases in N1−1/r for
every r < α. Let us notice that Xf is a self-similar field with index H = 1/α.
Thus, we obtain the same rate of convergence for log-fractional stable motion and
mafsfs. Furthermore, since f(t, ·) ∈ L3(R), Theorem 6.13 gives the same rate of
convergence in terms of Berry–Esseen bounds as in the cases of mafsfs or mafLfs
(taking δ = 1).

Figure 5 presents a trajectory of a log-fractional stable motion for α = 1.5.
Note that except at points sn = TnUn/(2με,2(R)), the sample paths are locally
H ′-Hölder for every H ′ < 1/2: actually the regularity of the trajectories is given
by the Brownian part. At points sn, Y f

ε,N is not defined, which explains that spikes
appear in Fig. 5.

6.6.7 Linear Multifractional Stable Motions

So far, the examples are fractional fields. However, our framework also contains
multifractional fields. Let us now give one example. This example is defined
replacing in the kernel of a LFSM the index H by h(t).

Here d = 1 and μ(dv) is given by (144). Then, assume that the kernel function
is defined by

f(t, s) = (t− s)h(t)−1/α
+ − (−s)h(t)−1/α

+

where h : R → (0, 1). The process Xf is a linear multifractional stable motion in
the sense of [38, 39]. The approximation of Xf is then given by
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Y f
ε,N (t) =

N∑

n=1

((
t− TnUn

2με,2(R)

)h(t)−1/α

+

−
( −TnUn

2με,2(R)

)h(t)−1/α

+

)

Vε,n

+ σ(ε)W f (t),

where W f is defined by (137). As previously, W f is independent of ((Un, Tn,
Vε,n))n≥1. Moreover,

W f (·) =

∫

Rd

f(·, s)W (ds)
(d)
= C̃h(t)Bh+1/2−1/α

where Bh+1/2−1/α is a standard multifractional Brownian motion in the sense

of [27] with multifractional function h + 1/2 − 1/α and C̃h(t) is given by (145).
This approximation only holds when 1 > h(t) > 1/α− 1/2.

As in the case of Lfsm, we can observe that

f(t, s) =

{
0 if s > maxK |y|

fh(t),α(t, s) if s < − max |y|.

Therefore, for a fixed t, we obtain the same estimates for the almost sure, the Lr

errors (r < α), and the rate of convergence in terms of Berry–Esseen bounds, as in
the case of Lfsm (see Sect. 6.6.5) or mafsfs (see Sect. 6.6.4), replacing H by h(t).
In particular, for a fixed t, the almost sure error converges at the rate Nε for every
ε ∈ (0, 1 − h(t)).

Figure 6 presents some trajectories of linear multifractional stable motions for
α = 1.5.
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6.7 Simulation of Harmonizable Fields

In the Sects. 4.2 and 4.4 we have studied fractional or multifractional Lévy fields,
which are integrals of complex random measures. Thanks to arguments used in
Sects. 6.3 and 6.4, the results obtained in the case of rhmLfs in [22] can be extended
to a larger class of infinitely divisible fields, in particular to the complex case. Let
us recall that Poisson random measures on R

d × C are denoted by N(dξ, dz) with
intensity n(dξ, dz) = dξμ(dz). Here in contrast to (16) we assume that μ(dz) is a
σ-finite measure such that

∫

C

(
|z|2 ∧ 1

)
μ(dz) < +∞.

The control measure μ(dz) is assumed to be rotationally invariant as in (15)

P (μ(dz)) = dθ μρ(dρ),

where dθ is the uniform measure on [0, 2π) and P
(
ρeiθ
)

= (θ, ρ) ∈ [0, 2π) × R
+∗ .

Then, following the definition of complex Lévy random measure (see [7]), we
can consider a complex random measure Λ(dξ) on R

d defined by

∫

Rd

g(ξ)Λ(dξ) =

∫

Rd×C

(g(ξ)z + g(−ξ)z)

×
(
N(dξ, dz) − (|g(ξ)z + g(−ξ)z| ∨ 1)−1 n(dξ, dz)

)
(146)

for every g : Rd → C such that
∫

Rd×C

(
|g(ξ)z|2 ∧ 1

)
dξμ(dz) < +∞.

Hence, following the arguments used in [22] in the case of rhfLfs, analogous results
to those of Sects. 6.3 and 6.4 can be obtained and a way to simulate

Xf (x) =

∫

Rd

f(x, ξ)Λ(dξ).

can be proposed. However, in this part, we will just focus on the case, where

μρ(dρ) =
1ρ>0 dρ

ρ1+α
, α ∈ (0, 2),

and the kernel function is

fH,α(x, ξ) =

(
2α+1π

)−1/α(
e−ix·ξ − 1

)

‖ξ‖H+d/α
.
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In this case,

XH,α(x) =

∫

Rd

fH,α(x, ξ)Λ(dξ), x ∈ R
d,

is a real harmonizable fractional stable field with index H ∈ (0, 1) of Sect. 3.2.2,
i.e.

{XH,α(x), x ∈ R
d} (d)

= {SH,α(x), x ∈ R
d},

where

SH(x) =

∫

Rd

fH,α(x, ξ)Mα(dξ),

with Mα(dξ) a complex isotropic α-stable random measure in the sense of
Definition 2.8. Furthermore, in the case we are interested in, μ(C) = +∞. As
we know, we have to split in this case the random field XH,α = X

fH,α

ε,1 +X
fH,α

ε,2 into
two random fields, where

X
fH,α

ε,1 (x) = 2

∫

Rd×C

�(fH,α(x, ξ)z)1|z|<ε

×
(
N(dξ, dz) − (|2�(fH,α(x, ξ)z)| ∨ 1)

−1
n(dξ, dz)

)
, (147)

and

X
fH,α

ε,2 (x) = 2

∫

Rd×C

�(fH,α(x, ξ)z)1|z|≥ε

×
(
N(dξ, dz) − (|2�(fH,α(x, ξ)z)| ∨ 1)

−1
n(dξ, dz)

)
. (148)

As previously,XfH,α

ε,1 and XfH,α

ε,2 can be simulated independently. Furthermore,

Xf
ε,2(x) =

∫

Rd

fH,α(x, ξ)Λε,2(dξ), x ∈ R
d,

where the complex random measure Λε,2 is associated by (146) to a Poisson
random measure Nε,2, whose control measure με,2(dz) = 1|z|≥ε μ(dz) is finite.

Therefore, Xf
ε,2 can be simulated as a generalized shot noise series. More pre-

cisely, let (Zε,n)n≥1 be a sequence of i.i.d. random variables with common law
με,2(dz)/με,2(C). Moreover, (Zε,n)n≥1, (Tn)n≥1 and (Un)n≥1 are independent.

Then, as in the case of rhmLfs, a series expansion of Xf
ε,2 can be given and these

series converge in the space of continuous functions endowed with the topology of
the uniform convergence on compact sets.
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Proposition 6.15. For every x ∈ R
d,

Y
fH,α

ε,N (x) = 2

N∑

n=1

�
(

fH,α

(

x,

(
Tn

cd μ(C)

)1/d

Un

)

Zε,n

)

(149)

converges almost surely to Y fH,α
ε (x) as N → +∞. Furthermore, Y fH,α

ε,N converges
uniformly on each compact set almost surely and

{XfH,α

ε,2 (x) : x ∈ R
d} (d)

= {Y fH,α
ε (x) : x ∈ R

d}.

Proof. The arguments of proof of Proposition 6.5 lead to the almost sure con-
vergence of Y fH,α

ε,N (x) for each fixed x. They also give the equality of the finite

dimensional marginals of X
fH,α

ε,2 and Y
fH,α
ε . In order to obtain the uniform

convergence, one may follow the proof of Proposition 3.1 in [22]. 	

Due to the rotational invariance of Zε,n and to Theorem 6.7, a rate of almost sure

convergence for Y fH,α

ε,N (x) can be given and the Lr-error can be controlled.

Proposition 6.16. Let x ∈ R
d.

1. Then, for every ε ∈ (0, H/d), almost surely,

sup
N≥1

Nε
∣∣
∣Y fH,α

ε (x) − Y
fH,α

ε,N (x)
∣∣
∣ < +∞.

2. Moreover, for every r < α and every integer N > r(1/α+H/d),

E

(∣∣
∣Y fH,α

ε,N (x) − Y fH,α
ε (x)

∣
∣
∣
r)

≤ C(r)
D(N, r,H + d/α)

N r/α+rH/d−1
, (150)

where D(N, r, β) is defined by (127) and

C(r) =

(
21−απ

)−r/α
d(cdμ(R))

rH/d+r/α
E(|�(V1)|r)

rH − d+ rd/α
.

Proof. Since (Zε,n)n≥1 is a sequence of i.i.d. with common law invariant by
rotation,

Y
fH,α

ε,N (x)
(d)
= 2

N∑

n=1

∣∣
∣
∣
∣
fH,α

(

x,

(
Tn

cd μ(C)

)1/d

Un

)∣∣
∣
∣
∣
�(Zε,n).

Hence, taking Vn = �(Zε,n), C = 21−1/α(π)−1/α and β = H + d/α, the proof of
Theorem 6.7 leads to the conclusion. 	




82 S. Cohen

Finally, the next proposition gives the expected approximation of Xε,1. Let

σ(ε) =

(∫ ε

0

ρ2 μρ(dρ)

)1/2

=

√
2ε2−α

2 − α
. (151)

Proposition 6.17. Assume that 0 < H + d/α− d/2 < 1 then

lim
ε→0+

(
Xε,1(x)

σ(ε)

)

x∈Rd

(d)
=
(
AH+d/α−d/2BH+d/α−d/2(x)

)
x∈Rd ,

where the convergence is in distribution on the space of continuous functions
endowed with the topology of uniform convergence on compact sets, BH+d/α−d/2

is a standard fBf with index H + d/α− d/2 and for u ∈ (0, 1)

Au =
(
2α+1π

)−1/α
(

4 π(d+3)/2 Γ (u+ 1/2)

uΓ (2u) sin (πu)Γ (u+ d/2)

)1/2

. (152)

Remark 6.18. In Proposition 6.17, 0 < H+d/α−d/2 < 1 means that fH,α(x, ·) ∈
L2
(
R

d
)

for every x ∈ R
d.

Proof. Actually

Xf
ε,1(x) =

∫

Rd

fH,α(x, ξ)Λε,1(dξ), x ∈ R
d,

where the complex random measure Λε,1 is associated by (146) with a Poisson
random measure Nε,1, whose control measure με,1(dz) = 1|z|<ε μ(dz). Also, for
every p ≥ 2, ∫

C

|z|p με,1(dz) < +∞

and then
(
2α+1π

)1/α
Xf

ε,1(x) is a rhfLf since fH,α(x, ·) ∈ L2
(
R

d
)

for every x ∈
R

d. Then, Proposition 4.1 in [22] yields the conclusion. 	

As a consequence, as soon as the assumptions of Proposition 6.17 are fulfilled,

we may approximate the Rhfsf XH,α by

Yε,N (x) = 2

N∑

n=1

�
(

fH;α

(

x,

(
Tn

cd μ(C)

)1/d

Un

)

Zε,n

)

+ σ(ε)AH+d/α−d/2BH+d/α−d/2(x), x ∈ R
d,

where BH+d/α−d/2, Tn, Un and Zε,n are independent.
Figure 7 exhibits some examples of trajectories of Rhfsms for α = 1.5.
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Fig. 7 Examples of Rhfsfs

Appendix

Proof of Lemma 5.3

We first prove (108). Let us recall that

ZH̃(t, t′) =
XH,α(t′) −XH,α(t)

‖t′ − t‖H̃

for t 
= t′. Let us denote by ε = ‖t−t′‖ and by τ = t−t′
ε a vector of Euclidean norm

1 that depends on t, t′. Since mafLm’s have stationary increments, the characteristic
function of ZH̃ can be written

E exp

(
iλXH,α(ετ)

εH̃

)

= exp

∫

Rd

ds

∫

R

[

exp

(
iλu(‖ετ − s‖H̃−d/α − ‖s‖H̃−d/α)

εH̃

)

− 1

− iλu(‖ετ − s‖H̃−d/α − ‖s‖H̃−d/α)

εH̃

]
1(|u| ≤ 1)du

|u|1+α
.

(A.1)

Then the change of variable s = εσ and ε−d/αu = w leads to

E exp

(
iλXH,α(ετ)

εH̃

)
= exp

∫

Rd

dσ

∫

R

[exp (iwλg(σ)) − 1 − iwλg(σ)]

× 1(|w| ≤ ε−d/α)dw

|w|1+α
,
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where g(σ) = ‖τ − σ‖H̃−d/α − ‖σ‖H̃−d/α. Let us recall (12): ∀ 0 < α < 2

Cα|x|α =

∫

R

1 − eixy − ixy1(|y| ≤ 1)

|y|1+α
dy, ∀x ∈ R,

where

Cα =

∫

R

1 − eiy − iy1(|y| ≤ 1)

|y|1+α
dy

= 2

∫ ∞

0

1 − cos(y)

|y|1+α
dy > 0.

Let us define

Hε(x) = 2

∫ ∞

εd/α

1 − cos(yx)

|y|1+α
dy. (A.2)

Then

∀x ∈ R, Hε(x) ≤ 2

∫ ∞

εd/α

dy

|y|1+α
=

2

α
εd.

Moreover

Hε(x) = 2|x|α
∫ ∞

εd/α|x|

1 − cos(v)

|v|1+α
dv ≤ Cα|x|α.

Hence

0 ≤ Hε(x) ≤ inf(
2

α
εd, Cα|x|α). (A.3)

With the help of Hε, one can rewrite

∫

R

[exp (iwλg(σ)) − 1 − iwλg(σ)]
1(|w| ≤ ε−d/α)dw

|w|1+α

=

∫

R

[
exp (iwλg(σ)) − 1 − iwλg(σ)1(|w| ≤ ε−d/α)

] dw

|w|1+α

+

∫

R

[exp (iwλg(σ)) − 1]
1(|w| > ε−d/α)dw

|w|1+α
.

Hence

∫

R

[exp (iwλg(σ)) − 1 − iwλg(σ)]
1(|w| ≤ ε−d/α)dw

|w|1+α

= −Cα|λg(σ)|α −Hε(λg(σ)).
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The last line is obtained using (12) and
∫
R
w1(1 < |w| < ε−d/α) dw

|w|1+α = 0,

for every ε < 1. Inequality (A.3) implies that
∫
Rd Hε(λg(σ))dσ < ∞. Hence for

0 < ε < 1

E exp

(
iλXH,α(ετ)

εH̃

)
= exp

(
−Cα|λ|α

∫

Rd

|g(σ)|αdσ −
∫

Rd

Hε(λg(σ))dσ

)
.

(A.4)

Because of (A.4)

E exp

(
iλXH,α(ετ)

εH̃

)
≤ exp

(
−Cα|λ|α

∫

Rd

|g(σ)|αdσ
)

and the function of λ on the right hand of the inequality is in L1(Rd) for the
Lebesgue measure dλ.

Let us now prove (109). Let us show that sup0<ε<1 E

∣
∣
∣XH,α(ετ)

εH̃

∣
∣
∣
β

< +∞.

Because of (12) for 0 < β < α < 2,

Cβ

∣
∣
∣
∣
XH,α(ετ)

εH̃

∣
∣
∣
∣

β

=

∫

R

(
1 − exp

(
iλXH,α(ετ)

εH̃

)
− iλXH,α(ετ)

εH̃
1(|λ| ≤ 1)

)
dλ

|λ|1+β
. (A.5)

To compute the expectation of the left hand side of (A.5) we first check that we can
apply Fubini theorem. Please remark that for every M > 0 there exists 0 < CM <
+∞ such that

∣
∣
∣
∣1 − exp

(
iλXH,α(ετ)

εH̃

)
− iλXH,α(ετ)

εH̃
1(|λ| ≤ 1)

∣
∣
∣
∣ ≤

CM

∣
∣∣
∣
λXH,α(ετ)

εH̃

∣
∣∣
∣

2

1

(∣∣∣
∣
λXH,α(ετ)

εH̃

∣
∣∣
∣ ≤ M

)

+

(
2 +

∣
∣
∣
∣
λXH,α(ετ)

εH̃

∣
∣
∣
∣1(|λ| ≤ 1)

)
1

(∣∣
∣
∣
λXH,α(ετ)

εH̃

∣
∣
∣
∣ > M

)
. (A.6)

For the first line of the upper bound we get

E

∫

R

∣
∣
∣
∣
λXH,α(ετ)

εH̃

∣
∣
∣
∣

2

1

(∣∣
∣
∣
λXH,α(ετ)

εH̃

∣
∣
∣
∣ ≤ M

)
dλ

|λ|1+β
≤ CE

(∣
∣
∣
∣
XH,α(ετ)

εH̃

∣
∣
∣
∣

β
)

,
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and hence it is finite. Let us check the integrability of the other line in (A.6) Since
E|XH,α(ετ)|2 < +∞, we have

P

(∣∣
∣
∣
λXH,α(ετ)

εH̃

∣∣
∣
∣ > M

)
≤ C inf(1, |λ|2).

Hence

∫

R

P

(∣∣
∣∣
λXH,α(ετ)

εH̃

∣
∣
∣∣ > M

)
dλ

|λ|1+β
< ∞.

Then by Cauchy Schwartz inequality

E

(∣∣
∣∣
λXH,α(ετ)

εH̃

∣
∣
∣∣1
(∣∣
∣∣
λXH,α(ετ)

εH̃

∣
∣
∣∣ > M

))
≤ Cλ2

when λ → 0. Hence

∫

|λ|≤1

E

(∣∣
∣∣
λXH,α(ετ)

εH̃

∣
∣
∣∣1
(∣∣
∣∣
λXH,α(ετ)

εH̃

∣
∣
∣∣ > M

))
dλ

|λ|1+β
< ∞.

Consequently

∫

R

E

∣
∣
∣
∣1 − exp

(
iλXH,α(ετ)

εH̃

)
− iλXH,α(ετ)

εH̃
1(|λ| ≤ 1)

∣
∣
∣
∣

dλ

|λ|1+β
< ∞.

Then by Fubini theorem, and since EXH,α(ετ) = 0,

E

∣
∣∣
∣
XH,α(ετ)

εH̃

∣
∣∣
∣

β

=
1

Cβ

∫

R

1 − E exp
(

iλXH,α(ετ)

εH̃

)

|λ|1+β
dλ. (A.7)

Let us remark that

∫

|λ|>1

1 − E exp
(

iλXH,α(ετ)

εH̃

)

|λ|1+β
dλ < M,

whereM is a finite and positive constant that does not depend on ε. Using (A.4) and
1 − e−x ≤ x, for

x = Cα|λ|α
∫

Rd

|g(σ)|αdσ +

∫

Rd

Hε(λg(σ))dσ ≥ 0,
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we get

∫

|λ|≤1

1 − E exp
(

iλXH,α(ετ)

εH̃

)

|λ|1+β
dλ

≤
∫

|λ|≤1

Cα|λ|α ∫
Rd g(σ)|αdσ +

∫
Rd Hε(λg(σ))dσ

|λ|1+β
dλ < +∞.

Please note that

sup
0<ε<1

∫

|λ|≤1

∫
Rd Hε(λg(σ))dσ

|λ|1+β
dλ < +∞

because of (A.3). Hence (109) is proved.

Proof of Lemma 5.5

We first prove the convergence of ESn(y). By (2)

ESn(y) = exp

{∫

Rd×R

[exp(iuy2n
˜HΔG0,n(s)) − 1 − iuy2n

˜HΔG0,n(s)]

× dsμ(du)} .

The change of variables s =
σ

2n
, v = uy2n

d
α leads to

ESn(y) = exp

{
|y|α

∫

Rd×R

[exp(ivΔG0,1(σ)) − 1 − ivΔG0,1(σ)]

× dσ
dv

|v|1+α
1|v|≤|y|2n d

α

}
.

and the convergence of ESn(y) toward S(y) is proved by using the same arguments
as in (61).

Let us now study the variance of Sn(y).

varSn(y) =
1

(2n −K)2d

2n−K∑

p,p′=1

Ip,p′ ,
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with

Ip,p′ = E exp(iy2n
˜H(ΔXp,n −ΔXp′,n))

− E exp(iy2n
˜HΔXp,n) E exp(−iy2n ˜HΔXp′,n).

Because of (2) Ip,p′ can also be written

Ip,p′ = exp{
∫

Rd×R

[exp(iuy2n
˜H(ΔGp,n(s) −ΔGp′,n(s))) − 1

− iuy2n
˜H(ΔGp,n(s) −ΔGp′,n(s))]dsμ(du)}

− exp{
∫

Rd×R

[exp(iuy2n
˜HΔGp,n(s)) + exp(−iuy2n ˜HΔGp′,n(s))

− 2 − iuy2n
˜HΔGp,n(s) − iuy2n

˜HΔGp′,n(s)]dsμ(du)}.

Hence Ip,p′ = Ap,p′ ×Bp,p′ with

Ap,p′ = exp

{∫

Rd×R

[exp(iuy2n
˜HΔGp,n(s)) + exp(−iuy2n ˜HΔGp′,n(s)) − 2

−iuy2n ˜HΔGp,n(s) − iuy2n
˜HΔGp′,n(s)]dsμ(du)

}
.

and

Bp,p′ = exp

{∫

Rd×R

[exp(iuy2n
˜HΔGp,n(s)) − 1]

[exp(−iuy2n ˜HΔGp′,n(s)) − 1]dsμ(du)
}

− 1.

Clearly, one has |Ap,p′ | ≤ 1. The change of variables s =
σ

2n
, v = uy2n

d
α leads to

Bp,p′ = exp

{
|y|α

∫

Rd×R

[exp(ivΔGp,1(σ)) − 1]

[exp(−ivΔGp′,1(σ)) − 1]dσ
dv

|v|1+α
1|v|≤2n

d
α

}
− 1.

Define:

Cp,p′ =

∫

Rd×R

[exp(ivΔGp−p′,1(σ)) − 1][exp(−ivΔG0,1(σ)) − 1]dσ
dv

|v|1+α
,
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this leads to:

Bp,p′ = (exp(Cp,p′ |y|α) − 1) (1 + o(1)).

We split Cp,p′ into two parts, with A to be chosen later:

T1 =

∫

Rd×{|v|≤A}
[exp(ivΔGp−p′,1(σ)) − 1][exp(−ivΔG0,1(σ)) − 1]dσ

dv

|v|1+α
,

T2 =

∫

Rd×{|v|≥A}
[exp(ivΔGp−p′,1(σ)) − 1][exp(−ivΔG0,1(σ)) − 1]dσ

dv

|v|1+α
,

|T1| ≤
∫

Rd×|v|≤A

∣∣
∣
∣
∣

K∑

�=0

a�||�+ p − p′ − σ||H− d
2

K∑

�=0

a�||�− σ||H− d
2

∣∣
∣
∣
∣
dσ

dv

|v|α−1

≤ CA2−α

∫

Rd

∣
∣∣
∣
∣

K∑

�=0

a�||�+ p − p′ − σ||H− d
2

K∑

�=0

a�||�− σ||H− d
2

∣
∣∣
∣
∣
dσ.

A Taylor expansion of order 2 around p − p′ of

x �→
∫

Rd

∣
∣
∣∣
∣

K∑

�=0

a�||�+ x− σ||H− d
2

K∑

�=0

a�||�− σ||H− d
2

∣
∣
∣∣
∣
dσ

is used. Hence

|T1| ≤ CA2−α||p − p′||H− d
2 −2.

Moreover, for δ > 0 arbitrarily small:

|T2| ≤ C

Aα−δ

∫

Rd×R

|[exp(ivΔGp−p′,1(σ)) − 1][exp(−ivΔG0,1(σ)) − 1]|

× dσ
dv

|v|1+δ
.

By Cauchy–Schwarz,

(∫

Rd

|[exp(ivΔGp−p′,1(σ)) − 1][exp(−ivΔG0,1(σ)) − 1]| dσ
)2

≤

∫

Rd

|[exp(ivΔGp−p′,1(σ)) − 1]|2 dσ
∫

Rd

|[exp(−ivΔG0,1(σ)) − 1]|2 dσ

=

(∫

Rd

|[exp(−ivΔG0,1(σ)) − 1]|2 dσ
)2

,
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so that

|T2| ≤ C′

Aα−δ
.

We choose A such that A2+δ = ||p − p′||2+ d
2 −H . Therefore, as ||p − p′|| →

+∞:

|Bp,p′ | ≤ C||p − p′||(δ−α)
2+ d

2
−H

2+δ |y|α.

We choose δ small enough, so that
∑

n

varSn(y) is convergent and Borel–Cantelli’s

Lemma concludes the proof of the Lemma 5.5.

Proof of Theorem 6.1

Since 0 ≤ r ∧ 2 ≤ r and E(|X1|r) < +∞, we also have that E
(
|X1|r∧2

)
< +∞.

Then, we can assume that r ≤ 2.

Set RN =

+∞∑

n=N+1

YnXn and r = r ∧ 2 ∈ (0, 2). Then, let us fix M > 0 and set

ΩM =

{
sup
n≥1

n−1/r|Xn| ≤ M

}
.

Hence for any ε > 0,

P
(
ΩM ∩ {|RN | ≥ N−ε

}) ≤ P

(∣∣
∣
∣
∣

+∞∑

n=N+1

YnWn

∣
∣
∣
∣
∣
≥ N−ε

)

,

whereWn = Xn1|Xn|≤Mn1/r . SinceXn, n ≥ 1, are i.i.d. and symmetric, (Wn)n≥1

is a sequence of independent symmetric random variables. Then, since (Yn)n≥1

satisfies the assumption (115) and is independent of (Wn)n≥1, by the contraction
principle for symmetric random variables sequences, see [23] page 95,

P
(
ΩM ∩ {|RN | ≥ N−ε

}) ≤ 2P

(

C

∣
∣
∣∣
∣

+∞∑

n=N+1

T−1/γ
n Wn

∣
∣
∣∣
∣
≥ N−ε

)

.

Hence,

P
(
ΩM ∩ {|RN | ≥ N−ε

}) ≤ 2P

(
sup

n≥N+1

n

Tn
≥ 10

)
+ 2AN , (A.8)
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where

AN = P

({
sup

n≥N+1

n

Tn
< 10

}
∩
{

C

∣
∣∣
∣
∣

+∞∑

n=N+1

T−1/γ
n Wn

∣
∣∣
∣
∣
≥ N−ε

})

.

Step 1

P

(
sup

n≥N+1

n

Tn
≥ 10

)
≤

+∞∑

n=N+1

P(Tn ≤ n/10) ≤
+∞∑

n=N+1

nn

10nn!
.

Hence, by the Stirling formula,

P

(
sup

n≥N+1

n

Tn
≥ 10

)
≤ C1 exp (−C2N), (A.9)

with C1 > 0 and C2 > 0.

Step 2 By the assumptions of independence, (Tn)n≥1 and (Wn)n≥1 are inde-
pendent. Therefore, by the contraction principle for symmetric random variables
sequences,

AN ≤ 2P

(

C

∣
∣
∣
∣∣

+∞∑

n=N+1

n−1/γWn

∣
∣
∣
∣∣
≥ 10−1/γN−ε

)

.

Furthermore, by independence and symmetry,

AN ≤ 4P

(

C

+∞∑

n=N+1

n−1/γWn ≥ 10−1/γN−ε

)

≤ 4 exp

(
−10−1/γλN−ε

C

) +∞∏

n=N+1

E

(
exp
(
λn−1/γWn

))
, (A.10)

since P(ξ ≥ x) ≤ eλx E
(
eλξ
)
, for all λ > 0. Moreover, since Wn is a symmetric

random variable,

E

(
exp
(
λn−1/γWn

))
= 1 +

+∞∑

j=1

λ2j

(2j)!
n−2j/γ

E
(
W 2j

n

)
.

Then let a = 1/γ − 1/r and n ≥ N + 1. Note that for j ≥ 1, 2j ≥ r and

E
(
W 2j

n

) ≤ E(|X1|r)
(
Mn1/r

)2j−r

.
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Therefore,

E
(
exp
(
λn−1/γWn

)) ≤ 1 +
E(|X1|r)λ2M2−r exp (λ2M2n−2a)

2n1+2a

≤ exp

(
E(|X1|r)λ2M2−r exp (λ2M2N−2a)

2n1+2a

)
.

As a consequence, taking λ = 101/γNa in (A.10), there exist C3 > 0 and C4 > 0,
which do not depend on N , such that

AN ≤ C3 exp
(−C4N

a−ε
)
. (A.11)

Step 3 In view of (A.8), (A.9) and (A.11), for everyM > 0 and every ε ∈ (0, 1/γ−
1/r),

+∞∑

N=1

P
(
ΩM ∩ {|RN | ≥ N−ε

})
< +∞.

Hence, by the Borel Cantelli lemma, for almost all ω ∈ ΩM ,

sup
N≥1

Nε|RN | < +∞.

Furthermore, we have

P(Ωc
M ) ≤

+∞∑

n=1

P

(
|Xn| > Mn1/r

)
≤ 1

M r
E(|X1|r) → 0

asM → +∞ and thus limM→+∞ P(ΩM ) = 1. Then, for every ε ∈ (0, 1/γ−1/r),
almost surely,

sup
N≥1

Nε|RN | < +∞,

which concludes the proof.

Proof of Theorem 6.2

It is a simple modification of the proof of Theorem 6.1.

Let M > 0, ΩM =

{
sup
n≥1

∣
∣
∣n−1/rXn

∣
∣
∣ ≤ M

}
, Wn = Xn1|Xn|≤n1/rM and

RN =

+∞∑

n=N+1

T−1/γ
n |Xn|.



Fractional Lévy Fields 93

As in proof of Theorem 6.1,

P
(
ΩM ∩ {|RN | ≥ N−ε

}) ≤ P

(
sup

n≥N+1

n

Tn
≥ 10

)
+AN (A.12)

where

AN = P

({
sup

n≥N+1

n

Tn
< 10

}
∩
{

+∞∑

n=N+1

T−1/γ
n |Wn| ≥ N−ε

})

.

Remark now that the contraction principle used in the proof of Theorem 6.1 can
not be applied since |Wn| is not a symmetric random variable. However, since
|Wn| ≥ 0,

AN ≤ P

(
+∞∑

n=N+1

n−1/γ |Wn| ≥ 10−1/γN−ε

)

≤ exp
(
−10−1/γλN−ε

) +∞∏

n=N+1

E

(
exp
(
λn−1/γ |Wn|

))
,

where λ > 0. Furthermore,

E

(
exp
(
λn−1/γ |Wn|

))
= 1 +

+∞∑

j=1

λj

j!
n−j/γ

E

(
|Wn|j

)

≤ 1 + E(|X1|r)
+∞∑

j=1

λj

j!
n−j/γ

(
Mn1/r

)j−r

since r ≤ 1

≤ exp
(
E(|X1|r)λn−1−aM1−r exp

(
λMN−a

))
,

where a = 1/γ − 1/r and n ≥ N + 1. Hence, choosing λ = 101/γNa, there exists
C, which does not depend on N , such that

AN ≤ C exp
(−Na−ε

)
.

Consequently, the arguments used in step 3 of the proof of Theorem 6.1 lead to the
conclusion.
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32. J. Rosiński, On series representations of infinitely divisible random vectors. Ann. Probab.

18(1), 405–430 (1990)
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Abstract The purpose of this review article is to give an up to date account of the
theory and applications of scale functions for spectrally negative Lévy processes.
Our review also includes the first extensive overview of how to work numerically
with scale functions. Aside from being well acquainted with the general theory of
probability, the reader is assumed to have some elementary knowledge of Lévy
processes, in particular a reasonable understanding of the Lévy–Khintchine formula
and its relationship to the Lévy–Itô decomposition. We shall also touch on more
general topics such as excursion theory and semi-martingale calculus. However,
wherever possible, we shall try to focus on key ideas taking a selective stance on the
technical details. For the reader who is less familiar with some of the mathematical
theories and techniques which are used at various points in this review, we note that
all the necessary technical background can be found in the following texts on Lévy
processes; (Bertoin, Lévy Processes (1996); Sato, Lévy Processes and Infinitely
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1 Motivation

1.1 Spectrally Negative Lévy Processes

Let us begin with a brief overview of what is to be understood by a spectrally
negative Lévy process. Suppose that (Ω,F ,F, P ) is a filtered probability space
with filtration F = {Ft : t ≥ 0} which is naturally enlarged (cf. Definition 1.3.38
of [18]). A Lévy process on this space is a strong Markov, F-adapted process
X = {Xt : t ≥ 0} with càdlàg paths having the properties that P (X0 = 0) = 1
and for each 0 ≤ s ≤ t, the increment Xt − Xs is independent of Fs and has the
same distribution as Xt−s. In this sense, it is said that a Lévy process has stationary
independent increments.

On account of the fact that the process has stationary and independent incre-
ments, it is not too difficult to show that there is a function Ψ : R �→ C, such that

E
(
eiθXt

)
= e−tΨ(θ), t ≥ 0, θ ∈ R,

whereE denotes expectation with respect to P . The Lévy–Khintchine formula gives
the general form of the function Ψ . That is,

Ψ(θ) = iμθ +
σ2

2
θ2 +

∫

(−∞,∞)

(
1 − eiθx + iθx1|x|<1

)
Π(dx), (1)

for every θ ∈ R, where μ ∈ R, σ ∈ R and Π is a measure on R\ {0} such that∫
(1 ∧ x2)Π(dx) < ∞. Often we wish to specify the law of X when issued from

x ∈ R. In that case we write Px, still reserving the notationP for the special case P0.
Note in particular thatX under Px has the same law as x+X under P . The notation
Ex will be used for the obvious expectation operator.

We say that X is spectrally negative if the measure Π is carried by (−∞, 0),
that is Π(0,∞) = 0. We exclude from the discussion however the case of
monotone paths. Under the present circumstances that means we are excluding
the case of a descending subordinator and the case of a pure positive linear drift.
Included in the discussion however are the difference of these two processes,
as well as a Brownian motion with drift. Also included are processes such as
asymmetric α-stable processes for α ∈ (1, 2) which have unbounded variation and
zero quadratic variation. These processes are by no means representative of the true
variety of processes that populate the class of spectrally negative Lévy processes.
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Indeed in the forthcoming text we shall see many different explicit examples of
spectrally negative Lévy processes. Moreover, by adding independent copies of
any of the aforementioned, and/or other, spectrally negative processes together,
the resulting process remains within the class of spectrally negative Lévy process.
Notationally we say that a Lévy process X is spectrally positive when −X is
spectrally negative.

Thanks to the fact that there are no positive jumps, it is possible to talk of the
Laplace exponent ψ(λ) for a spectrally negative Lévy process, defined by

E
(
eλXt

)
= eψ(λ)t, (2)

for at least λ ≥ 0. In other words, taking into account a straightforward analytical
extension of the characteristic exponent, we have ψ(λ) = −Ψ(−iλ). In particular

ψ(λ) = −μλ+
σ2

2
λ2 +

∫

(−∞,0)

(
eλx − 1 − λx1|x|<1

)
Π(dx). (3)

Using Hölder’s inequality, or alternatively differentiating, it is easy to check that ψ
is strictly convex and tends to infinity as λ tends to infinity. This allows us to define
for q ≥ 0,

Φ(q) = sup {λ ≥ 0 : ψ(λ) = q} ,
the largest root of the equation ψ(λ) = q. Note that there can exist two roots when
q = 0 (there is always a root at zero on account of the fact that ψ(0) = 0) and
precisely one root when q > 0. Further, from a straightforward differentiation of (2),
we can identify ψ′(0+) = E (X1) ∈ [−∞,∞) which determines the long term
behaviour of the process. Indeed when ±ψ′(0+) > 0 we have limt↑∞Xt = ±∞,
that is to say that the process drifts towards ±∞, and when ψ′(0+) = 0 then
lim supt↑∞Xt = − lim inft↑∞Xt = ∞, in other words the process oscillates.

Further details about the class of spectrally negative Lévy processes and how they
embed within the general class of Lévy processes can be found in the monographs
of Bertoin [15], Sato [91], Kyprianou [66] and Applebaum [7].

1.2 Scale Functions and Applied Probability

Let us now turn our attention to the definition of scale functions and motivate the
need for a theory thereof.

Definition 1.1. For a given spectrally negative Lévy process, X, with Laplace
exponent ψ, we define a family of functions indexed by q ≥ 0, W (q) : R → [0,∞),
as follows. For each given q ≥ 0, we haveW (q)(x) = 0 when x < 0, and otherwise
on [0,∞), W (q) is the unique right continuous function whose Laplace transform is
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given by

∫ ∞

0

e−βxW (q)(x)dx =
1

ψ(β) − q
(4)

for β > Φ(q). For convenience we shall always writeW in place ofW (0). Typically
we shall refer the functions W (q) as q-scale functions, but we shall also refer to W
as just the scale function.

From the above definition alone, it is not clear why one would be interested
in such functions. Later on we shall see that scale functions appear in the vast
majority of known identities concerning boundary crossing problems and related
path decompositions. This in turn has consequences for their use in a number of
classical applied probability models which rely heavily on such identities. To give
but one immediate example of a boundary crossing identity which necessitates
Definition 1.1, consider the following result, the so-called two-sided exit problem,
which has a long history; see for example [16, 17, 88, 100, 107].

Theorem 1.2. Define

τ+a = inf {t > 0 : Xt > a} and τ−
0 = inf {t > 0 : Xt < 0} .

For all q ≥ 0, a > 0 and x < a,

Ex

(
e−qτ+

a 1{τ+
a <τ

−
0 }

)
=
W (q)(x)

W (q)(a)
. (5)

In fact, it is through this identity that the “scale function” gets its name. Possibly
the first reference to this terminology is found in Bertoin [14]. Indeed (5) has
some mathematical similarities with an analogous identity which holds for a large
class of one-dimensional diffusions and which involves so-called scale functions
for diffusions; see for example Proposition VII, 3.2 of Revuz and Yor [86]. In
older Soviet-Ukranian literature W (q) is simply referred to as a resolvent, see for
example [56].

Example 1.3. Let us consider the case whenX is a Brownian motion with drift and
compound Poisson jumps

Xt = σBt + μt−
Nt∑

i=1

ξi, t ≥ 0,

where ξi are i.i.d. random variables which are exponentially distributed with
parameter ρ > 0 and Nt is an independent Poisson process with intensity a > 0.
We see that the Lévy measure of X is finite, thus we can replace the cutoff function
h(x) = 1|x|<1 by h(x) ≡ 0 in the Lévy–Khintchine formula (3), which changes the
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value of μ but nonetheless gives us a simple expression for the Laplace exponent
of X ;

ψ(z) =
σ2

2
z2 + μz − az

ρ+ z
, z ≥ 0. (6)

By considering the behavior of ψ(z) as z → ±∞ and z → ρ± it is easy to
verify that for every q > 0 the equation ψ(z) = q has exactly three real solutions
{−ζ2,−ζ1, Φ(q)}, which satisfy

−ζ2 < −ρ < −ζ1 < 0 < Φ(q).

Note that the equation ψ(z) = q can be rewritten as a cubic equation, and the solu-
tions to this equation can be found explicitly in terms of coefficients (σ, μ, a, ρ, q) by
using Cardano’s formulas. However, even without writing down explicit expressions
for ζi and Φ(q) we can still obtain a convenient expression for the scale function by
considering the partial fraction decomposition of the rational function 1/(ψ(z)− q)
and inverting the Laplace transform in (4). We conclude that

W (q)(x) =
eΦ(q)x

ψ′(Φ(q))
+

e−ζ1x

ψ′(−ζ1) +
e−ζ2x

ψ′(−ζ2) , x ≥ 0. (7)

Let us consider two special cases, when the expression (7) can be simplified.
For the first example, we assume that X has no Gaussian component (σ = 0). In
that case, to avoid the cases that X has monotone paths, we need to further assume
that μ > 0. We see that as σ2 → 0+ we have ζ2 → +∞ and the corresponding term
in (7) disappears. At the same time, the equation ψ(z) = q reduces to a quadratic
equation, and we can calculate explicitly

ζ1 =
1

2μ

(√
(a+ q − μρ)2 + 4μqρ− (a+ q − μρ)

)
,

Φ(q) =
1

2μ

(√
(a+ q − μρ)2 + 4μqρ+ (a+ q − μρ)

)
.

These formulas combined with (7) and (6) provide an explicit formula for the scale
function W (q)(x). If we set q = 0 we obtain a particularly simple form of the scale
function

W (x) =
1

a
ρ − μ

[
a

μρ
e(

a
ρ −μ) ρ

μx − 1

]
.

As a second example, we consider the case when X has no jump part, that is
X is a Brownian motion with drift. Again, one can see that as ρ → +∞ we
have ζ2 → +∞, so the corresponding term in (7) disappears and the equation
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ψ(z) = q reduces to a quadratic equation. The roots of this quadratic equation
can be computed explicitly as

ζ1 =
1

σ2

(√
μ2 + 2qσ2 + μ

)
,

Φ(q) =
1

σ2

(√
μ2 + 2qσ2 − μ

)
,

and we find that the q-scale function, for q ≥ 0, is now given by

W (q)(x) =
1

√
μ2 + 2qσ2

[
e

(√
μ2+2qσ2−μ

)
x
σ2 − e

−
(√

μ2+2qσ2+μ
)

x
σ2

]
.

In the forthcoming chapters we shall explore in more detail the formal analytical
properties of scale functions as well as look at explicit examples and methodologies
for working numerically with scale functions. However let us first conclude
this motivational chapter by giving some definitive examples of how scale functions
make a non-trivial contribution to a variety of applied probability models.

Optimal stopping: Suppose that x, q > 0 and consider the optimal stopping
problem

v(x) = sup
τ
E

(
e−qτ+(Xτ∨x)

)
,

where the supremum is taken over all, almost surely finite stopping times with
respect to X and Xt = sups≤tXs. The solution to this problem entails finding
an expression for the value function v(x) and, if the supremum is attained by some
stopping time τ∗, describing this optimal stopping time quantitatively.

This particular optimal stopping problem was conceived in connection with the
pricing and hedging of certain exotic financial derivatives known as Russian options
by Shepp and Shiryaev [93,94]. Originally formulated in the Black-Scholes setting,
i.e. the case that X is a linear Brownian motion, it is natural to look at the solution
of this problem in the case thatX is replaced by a Lévy process. This is of particular
pertinence on account of the fact that modern theories of mathematical finance
accommodate for, and even prefer, such a setting. As a first step in this direction,
Avram et al. [9] considered the case that X is a spectrally negative Lévy process.
These authors found that scale functions played a very natural role in describing the
solution (v, τ∗). Indeed, it was shown under relatively mild additional conditions
that

v(x) = ex

(

1 + q

∫ x∗−x

0

W (q)(y)dy

)

where, thanks to properties of scale functions, it is known that the constant x∗ ∈
[0,∞) necessarily satisfies

x∗ = inf

{
x ≥ 0 : 1 + q

∫ x

0

W (q)(y)dy − qW (q)(x) ≤ 0

}
.
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In particular an optimal stopping time can be taken as

τ∗ = inf
{
t > 0 : (x ∨Xt) −Xt > x∗} ,

which agrees with the original findings of Shepp and Shiryaev [93, 94] in the
diffusive case.

Ruin Theory: One arm of actuarial mathematics concerns itself with modelling
the event of ruin of an insurance firm. The surplus wealth of the insurance firm is
often modelled as the difference of a linear growth, representing the deterministic
collection of premiums, and a compound Poisson subordinator, representing a
random sequence of i.i.d. claims. It is moreover quite often assumed that the claim
sizes are exponentially distributed. Referred to as Cramér–Lundberg processes, such
models for the surplus belong to the class of spectrally negative Lévy processes.

Classical ruin theory concerns the distribution of the, obviously named, time to
ruin,

τ−
0 := inf {t > 0 : Xt < 0} , (8)

where X is the Cramér–Lundberg process. Recent work has focused on more com-
plex additional distributional features of ruin such as the overshoot and undershoot
of the surplus at ruin. These quantities correspond to deficit at ruin and the wealth
prior to ruin respectively. A large body of literature exists in this direction with many
contributions citing as a point of reference the paper Gerber and Shiu [45]. For this
reason, the study of the joint distribution of the ruin time as well as the overshoot
and undershoot at ruin is often referred to as Gerber–Shiu theory.

It turns out that scale functions again provide a natural tool with which one
may give a complete characterisation of the ruin problem in the spirit of Gerber–
Shiu theory. Moreover, this can be done for a general spectrally negative Lévy
process rather than just the special case of a Cramér–Lundberg process. Having said
that, scale functions already serve their purpose in the classical Cramér–Lundberg
setting. A good case in point is the following result (cf. [19, 20]) which even
goes a little further than what classical Gerber–Shiu theory demands in that it also
incorporates distributional information on the infimum of the surplus prior to ruin.

Theorem 1.4. Suppose that X is a spectrally negative Lévy processes. For t ≥ 0
define Xt = infs≤tXs. Let q, x ≥ 0, u, v, y ≥ 0, then

Ex

(
e−qτ−

0 ; −Xτ−
0

∈ du, Xτ−
0 − ∈ dv, Xτ−

0 − ∈ dy
)

= 1{0<y<v∧x,u>0}e−Φ(q)(v−y)
{
W (q)′(x− y) − Φ(q)W (q)(x− y)

}

×Π(−du− v)dydv +
σ2

2

(
W (q)′(x) − Φ(q)W (q)(x)

)
δ(0,0,0)(du, dv, dy),

where δ(0,0,0)(du, dv, dy) is the Dirac delta measure.
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Note that the second term on the right hand side corresponds to the event that ruin
occurs by creeping. That is to say the processX enters (−∞, 0) continuously for the
first time. It is clear from the formula in the statement of the theorem that creeping
can only happen if and only if σ2 > 0.

The use of scale functions has somewhat changed the landscape of ruin theory,
offering access to a number of general results. See for example [5, 64, 69, 85], as
well as the work mentioned in the next example.

Optimal Control: Suppose, as usual, that X is a spectrally negative Lévy process
and consider the following optimal control problem

u(x) = sup
π

Ex

(∫ σπ

0

e−qtdLπt

)

, (9)

where x, q > 0, σπ = inf {t > 0 : Xt − Lπt < 0} and Lπ = {Lπt : t ≥ 0} is
the control process associated with the strategy π. The supremum is taken over
all strategies π such that Lπ is a non-decreasing, left-continuous adapted process
which starts at zero and which does not allow the controlled process X − Lπ to
enter (−∞, 0) as a consequence of one of its jumps. The solution to this control
problem entails finding an expression for u(x) and, if the supremum is attained by
some strategy π∗, describing this optimal strategy.

This exemplary control problem originates from the work of de Finetti [42], again
in the context of actuarial science. In the actuarial setting, X plays the role of a
surplus process as usual and Lπ is to be understood as a dividend payment. The
objective then becomes to optimize the mean net present value of dividends paid
until ruin of the aggregate surplus process occurs.

A very elegant solution to this problem has been obtained by Loeffen [75],
following the work of Avram et al. [10], by imposing some additional assumptions
on the underlying Lévy process, X . Loeffen’s solution is intricately connected to
certain analytical properties of the associated scale functionW (q). By requiring that,
for x > 0, −Π(−∞,−x) has a completely monotone density (recall that Π is the
Lévy measure ofX), it turns out that for each q > 0, the associated q-scale function,
W (q), has a first derivative which is strictly convex on (0,∞). Moreover, the
point a∗ := inf

{
a ≥ 0 : W (q)′(a) ≤ W (q)′(x) for all x ≥ 0

}
provides a threshold

from which an optimal strategy to (9) can be characterized; namely the strategy
L∗
t = (a∗ ∨Xt) − a∗, t ≥ 0. The aggregate process,

a∗ +Xt − (a∗ ∨Xt), t ≥ 0,

thus has the dynamics of the underlying Lévy process reflected at the barrier a∗.
The value function of this strategy is given by

u(x) =

⎧
⎨

⎩

W (q)(x)
W (q)′(a) , for 0 ≤ x ≤ a

x− a+ W (q)(a)
W (q)′(a) , for x > a.

(10)
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The methodology that lead to the above solution has also been shown to have
applicability in other related control problems. See for example [70, 71, 76–78].

Queuing Theory: The classical M/G/1 queue is described as follows. Customers
arrive at a service desk according to a Poisson process with rate λ > 0 and join a
queue. Customers have service times that are independent and identically distributed
with common distribution F concentrated on (0,∞). Once served, they leave the
queue.

The workload, Y (x)
t , at each time t ≥ 0, is defined to be the time it will take

a customer who joins the back of the queue to reach the service desk when the
workload at time zero is equal to x ≥ 0. That is to say, Y (x)

t is the amount of
processing time remaining in the queue at time t when a workload x already exists
in the queue at time zero. If {Xt : t ≥ 0} is the difference of a pure linear drift of
unit rate and a compound Poisson process, with rate λ and jump distribution F , then
it is not difficult to show that when the current workload at time t = 0 is x ≥ 0, then

Y
(x)
t = (x ∨Xt) −Xt, t ≥ 0.

Said another way, the workload has the dynamics of a spectrally positive Lévy
process reflected at the origin.

Not surprisingly, many questions concerning the workload of the classical M/G/1
queue therefore boil down to issues regarding fluctuation theory of spectrally
negative Lévy processes. A simple example concerns the issue of buffer overflow
adjustment as follows. Suppose that there is a limited workload capacity in the
queue, say B > 0. When the workload exceeds the buffer level B, the excess
over level B is transferred elsewhere so that the adjusted workload process, say{
Y

(x,B)
t : t ≥ 0

}
, never exceeds the amountB. We are interested in the busy period

for this M/G/1 queue with buffer overflow adjustment. That is to say,

σ
(x)
B := inf

{
t > 0 : Y

(x,B)
t = 0

}
.

It is known that for all q ≥ 0,

E
(
e−qσ(x)

B

)
=

1 + q
∫ x−B
0 W (q)(y)dy

1 + q
∫ B
0 W (q)(y)dy

.

See Pistorius [81] and Dube et al. [38] for more computations and applications in
this vein.

Continuous State Branching Processes: A [0,∞]-valued strong Markov process
Y = {Yt : t ≥ 0} with probabilities {Px : x ≥ 0} is called a continuous-state
branching process if it has paths that are right continuous with left limits and its
law observes the following property. For any t ≥ 0 and y1, y2 ≥ 0, Yt under Py1+y2
is equal in law to the independent sum Y

(1)
t + Y

(2)
t where the distribution of Y (i)

t is
equal to that of Yt under Pyi for i = 1, 2.
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It turns out that there is a one-to-one mapping between continuous state
branching processes whose paths are not monotone and spectrally positive Lévy
processes. Indeed, every continuous-state branching process Y may be written in
the form

Yt = Xθt∧τ−
0
, t ≥ 0, (11)

where X is a spectrally positive Lévy process, τ−
0 = inf {t > 0 : Xt < 0} and

θt = inf

{
s > 0 :

∫ s

0

du

Xu
> t

}
.

Conversely, for any given spectrally positive Lévy process X , the transformation
on the right hand side of (11) defines a continuous-state branching process. (In fact
the same bijection characterises all the continuous-state branching processes with
monotone non-decreasing paths when X is replaced by a subordinator.)

A classic result due to Bingham [22] gives (under very mild conditions) the law of
the maximum of the continuous-state branching process with non-monotone paths
as follows. For all x ≥ y > 0,

Py(sup
s≥0

Ys ≤ x) =
W (x− y)

W (x)
,

where W is the scale function associated with the underlying spectrally negative
Lévy process in the representation (11). See Caballero et al. [26] and Kyprianou
and Pardo [67] for further computations in this spirit and Lambert [73] for further
applications in population biology.

Fragmentation Processes: A homogenous mass fragmentation process is a
Markov process X := {X(t) : t ≥ 0}, where X(t) = (X1(t), X2(t), · · · ), that
takes values in

S :=

{

s = (s1, s2, · · · ) : s1 ≥ s2 ≥ · · · ≥ 0,

∞∑

i=1

si = 1

}

.

Moreover X possesses the fragmentation property as follows. Suppose that for
each s ∈ S , Ps denotes the law of X with X(0) = s. Given, for t ≥ 0, that
X(t) = (s1, s2, · · · ) ∈ S , then for all u > 0, X(t + u) has the same law as
the variable obtained by ranking in decreasing order the elements contained in the
sequences X(1)(u),X(2)(u), · · · , where the latter are independent, random mass
partitions with values in S having the same distribution as X(u) under P(s1,0,0,··· ),
P(s2,0,0,··· ), · · · respectively. The process X is homogenous in the sense that, for
every r > 0, the law of {rX(t) : t ≥ 0} under P(1,0,0,··· ) is P(r,0,0,··· ).

Similarly to branching processes, fragmentation processes have embedded
genealogies in the sense that a block at time t is a descendent from a block at
time s < t if it has fragmented from it. It is possible to formulate the notion of the
evolution of such a genealogical line of descent chosen “uniformly at random.” To



The Theory of Scale Functions for Spectrally Negative Lévy Processes 107

avoid a long, detailed exposition, we refrain from providing the technical details
here, and mention instead that if {X∗(t) : t ≥ 0} is the sequence of embedded
fragments along the aforesaid uniformly chosen genealogical line of descent, then it
turns out that {− logX∗(t) : t ≥ 0} is a subordinator. We suppose that, for θ ≥ 0,
φ(θ) = E(1,0,0,··· )(X∗(t)θ) is the Laplace exponent of this subordinator.

Knobloch and Kyprianou [55] show that for appropriate values of c, p ≥ 0,

Mt :=
∑

i∈I c
t

e−ψ(p)tXi(t)W
(ψ(p))(ct+ logXi(t)), t ≥ 0, (12)

is a martingale, where for θ ≥ 0, ψ(θ) = cθ − φ(θ) is the Laplace exponent of a
spectrally negative Lévy process, W (q) is the q-scale function with respect to ψ and
I c
t is the set of indices of fragments at time t whose genealogical line of descent

has the property that, for all s ≤ t, its ancestral fragment at time s is larger than
e−cs. One may think of the sum as being over a “thinned” version of the original
fragmentation process. That is to say, an adjustment of the original process in which
blocks are removed if, at time t ≥ 0, they become smaller than e−ct. Removed
blocks may therefore no longer contribute fragmented mass to the on-going process
of fragmentation.

Analysis of this martingale in [55], in particular making use of known properties
of scale functions, allows the authors to deduce that, under mild conditions, there
exists a unique constant p∗ > 0 such that whenever c > φ′(p∗)

sup
i∈I c

t

− logXi(t)

t
→ φ′(p∗), (13)

as t ↑ ∞ on the event that the index set I c
t remains non-empty for all t ≥ 0 (i.e. the

thinned process survives), which itself occurs with positive probability. This result is
of interest when one compares it against the growth of the largest fragment without
restriction of the index set. In that case it is known that

− logXi(t)

t
→ φ′(p∗),

as t ↑ ∞. Intuitively speaking (13) says that the thinned fragmentation process will
either become eradicated (all blocks are removed in a finite time) or the original
fragmentation process will survive the thinning procedure and the decay rate of the
largest block is unaffected.

A more elaborate martingale, similar in nature to (12) and also built using a scale
function, was used by Krell [61] for a more detailed analysis of different rates of
fragmentation decay that can occur in the process. In particular, a fractal analysis of
the different decay rates is possible.

Lévy Processes Conditioned to Stay Positive: What is important in many of the
examples above is the behaviour of the underlying spectrally negative Lévy process
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as it exits a half line. In contrast, one may consider the behaviour of such Lévy
processes conditioned never to exit a half line. This is of equal practical value
from a modelling point of view, as well as having the additional curiosity that the
conditioning event can occur with probability zero.

Take, as usual, X to be a spectrally negative Lévy process and recall the
definition (8) of τ−

0 . Assume that ψ′(0+) ≥ 0, then it is known that for all t ≥ 0
and x, y > 0,

P ↑
x (Xt ∈ dy) = lim

q↓0
Px

(
Xt ∈ dy, t < e/q|τ−

0 > e/q
)
, (14)

where e is an independent and exponentially distributed random variable with unit
mean, defines the semigroup of a conservative strong Markov process which can be
meaningfully called a spectrally negative Lévy process conditioned to stay positive.
Moreover, it turns out to be the case that the laws

{
P ↑
x : x > 0

}
can be described

through the laws {Px : x > 0} via a classical Doob h-transform. Indeed, for all
A ∈ Ft and x, t > 0,

P ↑
x (A) = Ex

(
W (Xt)

W (x)
1{A, τ−

0 >t}
)
.

Hence a significant amount of probabilistic information concerning this condition-
ing is captured by the scale function. See Chaumont and Doney [30] for a complete
overview. In a similar spirit Chaumont [28,29] also shows that scale functions can be
used to describe the law of a Lévy process conditioned to hit the origin continuously
in a finite time. Later on in this review we shall see another example of conditioning
spectrally negative Lévy processes due to Lambert [72], which again involves the
scale function in a similar spirit.

2 The General Theory of Scale Functions

2.1 Some Additional Facts About Spectrally Negative Lévy
Processes

Let us return briefly to the family of spectrally negative Lévy processes and remind
ourselves of some additional deeper properties thereof which, as we shall see, are
closely intertwined with the properties of scale functions.

Path Variation. Over and above the assumption of spectral negativity in (1), the
conditions

∫

(−1,0)

|x|Π(dx) < ∞ and σ = 0,
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are necessary and sufficient for X to have paths of bounded variation. In that case
X may necessarily be decomposed uniquely in the form

Xt = δt− St, t ≥ 0, (15)

where δ > 0 and {St : t ≥ 0} is a pure jump subordinator.

Regularity of the Half Line: Recall that irregularity of (−∞, 0) for 0 forX means
that P (τ−

0 > 0) = 1 where

τ−
0 = inf {t > 0 : Xt < 0} .

Thanks to Blumenthal’s zero-one law, the only alternative to irregularity of (−∞, 0)
for 0 is regularity of (−∞, 0) for 0 meaning that P (τ−

0 > 0) = 0. Roughly
speaking one may say in words that a spectrally negative Lévy process enters the
open lower half line a.s. immediately from 0 if and only if it has paths of unbounded
variation, otherwise it takes an a.s. positive amount of time before visiting the open
lower half line. In contrast, for all spectrally negative Lévy processes we have
P(τ+0 = 0) = 1, where

τ+0 = inf {t > 0 : Xt > 0} .

That is to say, there is always regularity of (0,∞) for 0.

Creeping. When a spectrally negative Lévy process issued from x > 0 enters
(−∞, 0) for the first time, it may do so either by a jump or continuously. That is to
say, on the event

{
τ−
0 < ∞}

, either Xτ−
0

= 0 or Xτ−
0
< 0. If the former happens

with positive probability it is said that the process creeps downwards. We are
deliberately vague here about the initial value x > 0 under which creeping occurs
as it turns out that if Py(Xτ−

0
= 0) > 0 for some y > 0, then Px(Xτ−

0
= 0) > 0 for

all x > 0. It is known that the only spectrally negative Lévy processes which can
creep downwards are those processes which have a Gaussian component. Note that,
thanks to the fact that there are no positive jumps, a spectrally negative Lévy process
will always a.s. creep upwards over any level above its initial position, providing the
path reaches that level. That is to say, for all a ≥ x, Px(Xτ+

a
= a; τ+a < ∞) =

Px(τ
+
a < ∞) where

τ+a = inf {t ≥ 0 : Xt > a} .
Exponential Change of Measure. The Laplace exponent also provides a natural
instrument with which one may construct an “exponential change of measure”
on X in the sprit of the classical Cameron–Martin–Girsanov transformation; a
technique which plays a central role throughout this text. The equality (2) allows
for a Girsanov-type change of measure to be defined, namely via

dP cx
dPx

∣
∣∣
∣
Ft

= ec(Xt−x)−ψ(c)t, t ≥ 0, (16)
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for any c such that |ψ(c)| < ∞. Note that it is a straightforward exercise to show
that the right hand side above is a martingale thanks to the fact thatX has stationary
independent increments together with (2). Moreover, the absolute continuity implies
that under this change of measure,X remains within the class of spectrally negative
processes and the Laplace exponent of X under P cx is given by

ψc(θ) = ψ(θ + c) − ψ(c), (17)

for θ ≥ −c. If Πc denotes the Lévy measure of (X,P c), then it is straightforward
to deduce from (17) that

Πc(dx) = ecxΠ(dx),

for x < 0.

The Wiener–Hopf Factorization. Suppose that Xt := infs≤tXs and eq is
an independent and exponentially distributed random variable with rate q > 0,
then the variables Xeq − Xeq

and −Xeq
are independent. The fundamental

but simple concept of duality for Lévy processes, which follows as a direct
consequence of stationary and independent increments and càdlàg paths states that{
Xt −X(t−s)− : s ≤ t

}
is equal in law to {Xs : s ≤ t}. This in turn implies that

Xt −Xt is equal in distribution to Xt := sups≤tXs. It follows that for all θ ∈ R,

E
(
eiθXeq

)
= E

(
eiθXeq

)
E

(
e
iθXeq

)
. (18)

This identity is known as the Wiener–Hopf factorization. Note that the reasoning
thus far applies to the case that X is a general Lévy process. However, when X is a
spectrally negative Lévy process, it is possible to express the right hand side above
in a more convenient analytical form. Let a > 0, since t∧ τ+a is a bounded stopping
time and Xt∧τ+

a
≤ a, it follows from Doob’s Optional Stopping Theorem applied

to the exponential martingale in (16) that

E
(
e
Φ(q)X

t∧τ
+
a

−q(t∧τ+
a )

)
= 1.

By dominated convergence and the fact that Xτ+
a

= a on τ+a < ∞ we have,

P
(
Xeq > a

)
) = P

(
τ+a < eq

)

= E
(
e−qτ+

a 1(τ+
a <∞)

)

= e−Φ(q)a. (19)

The conclusion of the above series of equalities is that the quantity Xeq is
exponentially distributed with parameter Φ(q) and therefore for all θ ∈ R,
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E
(
eiθXeq

)
=

Φ(q)

Φ(q) − iθ
. (20)

It follows from the factorization (18) that for all θ ∈ R

E
(
e
iθXeq

)
=

q

Φ(q)

Φ(q) − iθ

q + Ψ(θ)
. (21)

As we shall see later on, a number of features described above concerning the
Wiener–Hopf factorization, including the previous identity, play an instrumental
role in the theory and application of scale functions.

2.2 Existence of Scale Functions

We are now ready to show the existence of scale functions. That is to say, we will
show that the function (ψ(β) − q)−1 is genuinely a Laplace transform in β. This
will largely be done through the Wiener–Hopf factorization in combination with an
exponential change of measure.

Theorem 2.1. For all spectrally negative Lévy processes, q-scale functions exist for
all q ≥ 0.

Proof. First assume that ψ′(0+) > 0. With a pre-emptive choice of notation, define
the function

W (x) =
1

ψ′(0+)
Px(X∞ ≥ 0). (22)

Clearly W (x) = 0 for x < 0, it is right-continuous since it is also proportional to
the distribution function P (−X∞ ≤ x). Integration by parts shows that, on the one
hand,

∫ ∞

0

e−βxW (x)dx =
1

ψ′(0+)

∫ ∞

0

e−βxP (−X∞ ≤ x) dx

=
1

ψ′(0+)β

∫

[0,∞)

e−βx P (−X∞ ∈ dx)

=
1

ψ′(0+)β
E

(
eβX∞

)
. (23)

On the other hand, taking limits as q ↓ 0 in (21) gives us the identity

E
(
eiθX∞

)
= −ψ′(0+)

iθ

Ψ(θ)
,
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where, thanks to the assumption that ψ′(0+) > 0, we have used the fact that
Φ(0) = 0 and hence

lim
q↓0

q

Φ(q)
= lim

q↓0
ψ(Φ(q))

Φ(q)
= lim

θ↓0
ψ(θ)

θ
= ψ′(0+).

A straightforward argument using analytical extension now gives us the identity

E
(
eβX∞

)
=
ψ′(0+)β

ψ(β)
. (24)

Combining (23) with (24) gives us (4) as required for the case q= 0 and
ψ′(0+) > 0.

Next we deal with the case where q > 0 or q = 0 and ψ′(0+) < 0. To this end,
again making use of a pre-emptive choice of notation, let us define

W (q)(x) = eΦ(q)xWΦ(q)(x), (25)

where WΦ(q) plays the role of W but for the process (X,PΦ(q)). Note in particular
that by (17) the latter process has Laplace exponent

ψΦ(q)(θ) = ψ(θ + Φ(q)) − q, (26)

for θ ≥ 0, and hence ψ′
Φ(q)(0+) = ψ′(Φ(q)) > 0, which ensures that WΦ(q) is well

defined by the previous part of the proof. Taking Laplace transforms we have for
β > Φ(q),

∫ ∞

0

e−βxW (q)(x)dx =

∫ ∞

0

e−(β−Φ(q))xWΦ(q)(x)dx

=
1

ψΦ(q)(β − Φ(q))

=
1

ψ(β) − q
,

thus completing the proof for the case q > 0 or q = 0 and ψ′(0+) < 0.
Finally, the case that q = 0 and ψ′(0+) = 0 can be dealt with as follows. Since

WΦ(q)(x) is an increasing function, we may also treat it as a distribution function of
a measure which we also, as an abuse of notation, call WΦ(q). Integrating by parts
thus gives us for β > 0,

∫

[0,∞)

e−βxWΦ(q)(dx) =
β

ψΦ(q)(β)
. (27)

Note that the assumption ψ′(0+) = 0, implies that Φ(0) = 0, and hence for θ ≥ 0,
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lim
q↓0

ψΦ(q)(θ) = lim
q↓0

[ψ(θ + Φ(q)) − q] = ψ(θ).

One may appeal to the Extended Continuity Theorem for Laplace Transforms,
see [40] Theorem XIII.1.2a, and (27) to deduce that since

lim
q↓0

∫

[0,∞)

e−βxWΦ(q)(dx) =
β

ψ(β)
,

then there exists a measure W ∗ such that W ∗(x) := W ∗[0, x] = limq↓0WΦ(q)(x)
and

∫

[0,∞)

e−βxW ∗(dx) =
β

ψ(β)
.

Integration by parts shows that the right-continuous distribution,

W (x) := W ∗[0, x]

satisfies ∫ ∞

0

e−βxW (x) dx =
1

ψ(β)
,

for β > 0 as required. �
Let us return to Theorem 1.2 and show that, now that we have a slightly

clearer understanding of what a scale function is, a straightforward proof of the
aforementioned identity can be given.

Proof (of Theorem 1.2). First we deal with the case that q = 0 and ψ′(0+) > 0 as
in the previous proof. Since we have identified W (x) = Px (X∞ ≥ 0) /ψ′(0+), a
simple argument using the law of total probability and the Strong Markov Property
now yields for x ∈ [0, a]

Px(X∞ ≥ 0)

= Ex

(
Px

(
X∞ > 0 | Fτ+

a

))

= Ex

(
1(τ+

a <τ
−
0 )Pa (X∞ ≥ 0)

)
+ Ex

(
1(τ+

a >τ
−
0 )PXτ

−
0

(X∞ ≥ 0)
)
.

(28)

The first term on the right hand side above is equal to

Pa (X∞ ≥ 0) Px
(
τ+a < τ−

0

)
.

The second term on the right hand side of (28) is more complicated to handle but
none the less is always equal to zero. To see why, first suppose that X has no
Gaussian component. In that case it cannot creep downwards and hence Xτ−

0
< 0
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and the claim follows by virtue of the fact that Px (X∞ ≥ 0) = 0 for x < 0. If, on
the other hand,X has a Gaussian component, the previous argument still applies on
the event {Xτ−

0
< 0}, however we must also consider the event {Xτ−

0
= 0}. In that

case we note that regularity of (−∞, 0) for 0 for X implies that P (X∞ ≥ 0) = 0.
Returning to (28) we may now deduce that

Px
(
τ+a < τ−

0

)
=
W (x)

W (a)
, (29)

and clearly the same equality holds even when x < 0 as both left and right hand
side are identically equal to zero.

Next we deal with the case q > 0. Making use of (2) in a, by now, familiar way,
and recalling that Xτ+

a
= a, we have that

Ex

(
e−qτ+

a 1(τ+
a <τ

−
0 )

)
= Ex

(
e
Φ(q)(X

τ
+
a

−x)−qτ+
a 1(τ+

a <τ
−
0 )

)
e−Φ(q)(a−x)

= e−Φ(q)(a−x)PΦ(q)x

(
τ+a < τ−

0

)

= e−Φ(q)(a−x)WΦ(q)(x)

WΦ(q)(a)

=
W (q)(x)

W (q)(a)
.

Finally, to deal with the case that q = 0 and ψ′(0+) ≤ 0, one needs only to take
limits as q ↓ 0 in the above identity, making use of monotone convergence on the
left hand side and continuity in q on the right hand side thanks to the Continuity
Theorem for Laplace transforms. �

Before moving on to looking at the intimate relation between scale functions
and the so-called excursion measure associated with X , let us make some further
remarks about the scale function and its relation to the Wiener–Hopf factorization.
It is clear from the proof of Theorem 2.1 that the very definition of a scale function
is embedded in the Wiener–Hopf factorization. The following corollary to the
aforementioned theorem reinforces this idea.

Corollary 2.2. For x ≥ 0,

P (−Xeq
∈ dx) =

q

Φ (q)
W (q)(dx) − qW (q)(x)dx. (30)

Proof. A straightforward argument using analytical extension allows us to re-write
the Wiener–Hopf factor (21) as a Laplace transform,

E
(
e
βXeq

)
=

q

Φ(q)

β − Φ(q)

ψ(β) − q
,
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for β ≥ 0. Note in particular, when β = Φ(q) the right hand side is understood
in the limiting sense using L’Hôpital’s rule. The identity (30) now follows directly
from the Laplace transform (4) and an integration by parts. �

2.3 Scale Functions and the Excursion Measure

Section 2.2 shows that there is an intimate relationship between scale functions and
the Wiener–Hopf factorization. The Wiener–Hopf factorization can itself be seen as
a distributional consequence of a decomposition of the path of any Lévy process into
excursions from its running maximum, so-called excursion theory; see for example
the presentation in Greenwood and Pitman [46], Bertoin [15] and Kyprianou [66].
Let us briefly spend some time reviewing the theory of excursions within the context
of spectrally negative Lévy processes and thereafter we will show the connection
between scale functions and a key object which plays a central role in the latter
known as the excursion measure.

The basic idea of excursion theory for a Lévy process is to provide a structured
mathematical description of the successive sections of its trajectory which make up
sojourns, or excursions, from its previous maximum. In order to do this, we need to
introduce a new time-scale which will help us locate the times at which X creates
new maxima. Specifically we are interested in a (random) function of original
time, or clock, say L = {Lt : t ≥ 0}, such that L increases precisely at times
when X creates a new maximum; namely the times

{
t : Xt = Xt

}
. Moreover, L

should have a regenerative property in that if T is any F-stopping time such that
XT = XT on {T < ∞} then {(XT+t −XT , LT+t − LT ) : t ≥ 0} has the same
law as {(Xt, Lt) : t ≥ 0} under P . The process L is referred to as local time at the
maximum.

It turns out that in the very special case of spectrally negative Lévy processes,
there is a natural choice of L which is simply L = X . Indeed it is straightforward
to verity that X has the required regenerative property. We shall henceforth proceed
with this choice of L. Now define

L−1
t = inf {s > 0 : Ls > t} , t ≥ 0,

Note that in the above definition, t is a local time and L−1
t is the real time which is

required to accumulate t units of local time. On account of the fact that L = X , it
is also the case that L−1

t is the first passage time of the process X above level t. In
the notation of the previous section, L−1

t = τ+t .
Standard theory tells us that, for all t > 0, both L−1

t and L−1
t− are stopping times.

Moreover, it is quite clear that whenever ΔL−1
t := L−1

t− − L−1
t > 0, the process X

experiences an excursion from its previous maximum X = t. For such local times
the associated excursion shall be written as

εt =
{
εt(s) := XL−1

t
−XL−1

t−+s : 0 < s ≤ ΔL−1
t

}
.
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For local times t > 0 such that ΔL−1
t = 0 we define εt = ∂ where ∂ is some

isolated state. For each t > 0 such that ΔL−1
t > 0, εt takes values in the space

of excursions, E , the space of real valued, right-continuous paths with left limits,
killed at the first hitting time of (−∞, 0]. We suppose that E is endowed with the
sigma-algebra generated by the coordinate maps, say G .

The key feature of excursion theory in the current setting is that

{(t, εt) : t ≥ 0 and εt �= ∂}

is a Poisson point process with values in (0,∞)×E and intensity measure dt×dn,
where n is a measure on the space (E ,G ).

Let us now return to the relationship between excursion theory and the scale
function. First write ζ for the lifetime and ε for the height of the generic excursion
ε ∈ E . That is to say, for ε ∈ E ,

ζ = inf {s > 0 : ε(s) ≤ 0} and ε = sup {ε(s) : s ≤ ζ} .

Choose a > x ≥ 0 . Recall that L = X we have that Lτ+
a−x

= Xτ+
a−x

= a − x.

Using this it is not difficult to see that

{
Xτ+

a−x
≥ −x

}
= {∀t ≤ a− x and εt �= ∂, εt ≤ t+ x} .

Let N be the Poisson random measure associated with the Poisson point process
of excursions; that is to say for all dt × dn-measurable sets B ∈ [0,∞) × E ,
N(B) = card {(t, εt) ∈ B, t > 0}. With the help of (29) we have that

W (x)

W (a)
= Px

(
Xτ+

a
≥ 0

)

= P
(
Xτ+

a−x
≥ −x

)

= P (∀t ≤ a− x and εt �= ∂, εt ≤ t+ x)

= P (N(A) = 0),

whereA = {(t, εt) : t ≤ a− x and εt > t+ x}. Since N(A) is Poisson distributed
with parameter

∫
1A dt n (dε) =

∫ a−x
0

n (ε > t+ x) dt =
∫ a
x
n (ε > t) dt we have

that

W (x)

W (a)
= exp

{
−

∫ a

x

n (ε > t) dt

}
. (31)

This is a fundamental representation of the scale function W which we shall return
to in later sections. However, for now, it leads us immediately to the following
analytical conclusion.
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Lemma 2.3. For any q ≥ 0, the scale function W (q) is continuous, almost every-
where differentiable and strictly increasing.

Proof. Assume that q = 0. Since a may be chosen arbitrarily large, continuity and
strict monotonicity follow from (31). Moreover, we also see from (31) that the left
and right first derivatives exist and are given by

W ′
−(x) = n (ε ≥ x)W (x) and W ′

+(x) = n (ε > x)W (x). (32)

Since there can be at most a countable number of points for which the monotone
function n (ε > x) has discontinuities, it follows that W is almost everywhere
differentiable.

From the relation (25) we know that

W (q)(x) = eΦ(q)xWΦ(q) (x) , (33)

and hence the properties of continuity, almost everywhere differentiability and strict
monotonicity carry over to the case q > 0. �

As an abuse of notation, let us write W (q) ∈ C1(0,∞) to mean that the
restriction of W (q) to (0,∞) belongs to C1(0,∞). Then the proof of the previous
lemma indicates that W ∈ C1(0,∞) as soon as the measure n (ε ∈ dx) has no
atoms. It is possible to combine this observation together with other analytical and
probabilistic facts to recover necessary and sufficient conditions for first degree
smoothness of W .

Lemma 2.4. For each q ≥ 0, the scale function W (q) belongs to C1(0,∞) if and
only if at least one of the following three criteria holds,

(i) σ �= 0
(ii)

∫
(−1,0)

|x|Π(dx) = ∞
(iii) Π(x) := Π(−∞,−x) is continuous.

Proof. Firstly note that it suffices to consider the case that q = 0 and ψ′(0+) ≥ 0,
i.e. the case that the Lévy process oscillates or drifts to +∞. Indeed, in the case that
ψ′(0+) < 0 or q > 0, one recalls that Φ(0) > 0, respectively Φ(q) > 0, and we
infer smoothness from (25), whereWΦ(0), respectivelyWΦ(q), is the scale function
of a spectrally negative Lévy process which drifts to +∞.

If it is the case that there exists an x > 0, such that n (ε = x) > 0, then one
may consider the probability law n (·|ε = x) = n (·, ε = x) /n (ε = x). Assume
now that X has paths of unbounded variation, that is to say (i) or (ii) holds, and
recall that in this case 0 is regular for (−∞, 0). If we apply the strong Markov
property under n (·|ε = x) to the excursion at the time Tx := inf {t > 0 : ε(t) = x},
the aforementioned regularity of X implies that (x,∞) is regular for {x} for the
process ε and therefore that ε > x, under n (·|ε = x). However this constitutes a
contradiction. It thus follows that n (ε = x) = 0 for all x > 0.
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Now assume that X has paths of bounded variation. It is known from [82] and
Proposition 5 in [106] that whenX is of bounded variation the excursion measure of
X reflected at its supremum begins with a jump and can be described by the formula

n (F (ε(s), 0 ≤ s ≤ ζ)) =
1

δ

∫ 0

−∞
Π(dx)Ê−x

(
F (Xs, 0 ≤ s ≤ τ−

0 )
)
,

where F is any nonnegative measurable functional on the space of cadlag paths,
Êx denotes the law of the dual Lévy process X̂ = −X and τ−

x = inf{s > 0 :
Xs < x}, x ∈ R. Recall that τ+z = inf {s > 0 : Xs > z} , z ∈ R. Hence, it follows
that

n (ε > z) =
1

δ

∫

(−∞,0)

Π(dx)P̂−x

(

sup
0≤s≤τ−

0

Xs > z

)

=
1

δ
Π(−∞,−z) +

1

δ

∫

[−z,0)
Π(dx)P̂−x

(
τ+z < τ−

0

)

=
1

δ
Π(−∞,−z) +

1

δ

∫

[−z,0)
Π(dx)P̂

(
τ+z+x < τ−

x

)

=
1

δ
Π(−∞,−z) +

1

δ

∫

[−z,0)
Π(dx)P

(
τ−
−x−z < τ+−x

)

=
1

δ
Π(−∞,−z) +

1

δ

∫

[−z,0)
Π(dx)

(
1 − W (z + x)

W (z)

)
,

where in the last equality we have used Theorem 1.2 with q = 0. From this it follows
that

n (ε = z) =
1

δ
Π({−z})W (0)

W (z)
,

and hence that n (ε = z) = 0 (which in turn leads to the C1(0,∞) property of the
scale function) as soon as Π has no atoms. That is to say Π is continuous. �

The proof of the above lemma in the bounded variation case gives us a little more
information about non-differentiability in the case that Π has atoms.

Corollary 2.5. When X has paths of bounded variation the scale function W (q)

does not possess a derivative at x > 0 (for all q ≥ 0) if and only if Π has an
atom at −x. In particular, if Π has a finite number of atoms supported by the set
{−x1, · · · ,−xn} then, for all q ≥ 0, W (q) ∈ C1((0,∞)\ {x1, · · · , xn}).

The above results give us our first analytical impressions on the smoothness of
W (q). In Sect. 3 we shall explore these properties in greater detail.
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2.4 Scale Functions and the Descending Ladder Height
Process

In a similar spirit to the previous section, it is also possible to construct an excursion
theory for spectrally negative Lévy processes away from their infimum. Indeed it is
well known, and easy to prove, that the processX reflected in its past infimumX−
X := {Xt −Xt : t ≥ 0}, whereXt := infs≤tXs, is a strong Markov process with
state space [0,∞). Following standard theory of Markov local times (cf. Chap. IV of
[15]), it is possible to construct a local time at zero forX −X which we henceforth
refer to as L̂ = {L̂t : t ≥ 0}. Its right-continuous inverse process, L̂−1 := {L̂−1

t :

t ≥ 0} where L̂−1
t = inf{s > 0 : L̂s > t}, is a (possibly killed) subordinator.

Sampling X at L̂−1 we recover the points of local minima of X . If we define Ĥt =
XL̂−1

t
when L̂−1

t < ∞, with Ĥt = ∞ otherwise, then it is known that the process

Ĥ = {Ĥt : t ≥ 0} is a (possibly killed) subordinator. The latter is called the
descending ladder height process.

The starting point for the relationship between the descending ladder height
process and scale functions is given by the following factorization of the Laplace
exponent of X ,

ψ(θ) = (θ − Φ(0))φ(θ), θ ≥ 0, (34)

where φ, is the Laplace exponent of a (possibly killed) subordinator. See e.g.
Sect. 6.5.2 in [66]. This can be seen by recalling that Φ(0) is a root of the equation
ψ(θ) = 0 and then factoring out (θ − Φ(0)) from ψ by using integration by parts to
deduce that the term φ(θ) must necessarily take the form

φ(θ) = κ+ ξθ +

∫

(0,∞)

(1 − e−θx)Υ (dx), (35)

where κ, ξ ≥ 0 and Υ is a measure concentrated on (0,∞) which satisfies
∫
(0,∞(1∧

x)Υ (dx) < ∞. Indeed, it turns out that

Υ (x,∞) = eΦ(0)x
∫ ∞

x

e−Φ(0)uΠ(−∞,−u)du for x > 0, (36)

ξ = σ2/2 and κ = E (X1) ∨ 0 = ψ′(0+) ∨ 0.
Ultimately the factorization (34) can also be derived by a procedure of analytical

extension and taking limits as q tends to zero in (18), simultaneously making use
of the identities (20) and (21). A deeper look at this derivation yields the additional

information that φ is the Laplace exponent of Ĥ ; namely φ(θ) = − logE
(
e−θĤ1

)
.

In the special case that Φ(0) = 0, that is to say, the process X does not drift to
−∞ or equivalently that ψ′(0+) ≥ 0, it can be shown that the scale function W
describes the potential measure of Ĥ . Indeed, recall that the potential measure of Ĥ
is defined by
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∫ ∞

0

dt · P (Ĥt ∈ dx), for x ≥ 0. (37)

Calculating its Laplace transform we get the identity

∫ ∞

0

∫ ∞

0

dt · P (Ĥt ∈ dx)e−θx =
1

φ(θ)
for θ > 0. (38)

Inverting the Laplace transform on the left hand side we get the identity

W (x) =

∫ ∞

0

dt · P (Ĥt ∈ [0, x]), x ≥ 0. (39)

It can be shown similarly that in general, when Φ(0) ≥ 0, the scale function is
related to the potential measure of Ĥ by the formula

W (x) = eΦ(0)x
∫ x

0

e−Φ(0)y
∫ ∞

0

dt · P (Ĥt ∈ dy), x ≥ 0. (40)

The connection between W and the potential measure of Ĥ turns out to be of
importance at several points later on in this exposition.

2.5 A Suite of Fluctuation Identities

Let us now show that scale functions are a natural family of functions with which
one may describe a whole suite of fluctuation identities concerning first and last
passage problems. We do not offer full proofs, concentrating instead on the basic
ideas that drive the results. These are largely based upon the use of the Strong
Markov Property and earlier established results on the law of Xeq and −Xeq

.
Many of the results in this section are taken from the recent work [9, 16, 82, 83].

However some of the identities can also be found in the setting of a compound
Poisson jump structure from earlier Soviet–Ukranian work; see for example [25,56–
60, 98] to name but a few.

2.5.1 First Passage Problems

Recall that for all a∈R, τ+a = inf{t > 0 : Xt > a} and τ−
0 = inf{t > 0 : Xt < 0}.

We also introduce for each x, q ≥ 0,

Z(q)(x) = 1 + q

∫ x

0

W (q)(y)dy. (41)
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Theorem 2.6 (One- and two-sided exit formulae).

(i) For any x ∈ R and q ≥ 0,

Ex

(
e−qτ−

0 1(τ−
0 <∞)

)
= Z(q)(x) − q

Φ (q)
W (q)(x) , (42)

where we understand q/Φ (q) in the limiting sense for q = 0, so that

Px
(
τ−
0 < ∞)

=

{
1 − ψ′(0+)W (x), if ψ′(0+) > 0,

1, if ψ′(0+) ≤ 0.
(43)

(ii) For all x ≥ 0 and q ≥ 0

Ex

(
e−qτ−

0 1(X
τ

−
0

=0)

)
=
σ2

2

{
W (q)′(x) − Φ(q)W (q)(x)

}
, (44)

where the right hand side is understood to be identically zero if σ = 0 and
otherwise the derivative is well defined thanks to Lemma 2.4.

(iii) For any x ≤ a and q ≥ 0,

Ex

(
e−qτ−

0 1(τ−
0 <τ

+
a )

)
= Z(q)(x) − Z(q)(a)

W (q)(x)

W (q)(a)
. (45)

Sketch proof.

(i) Making use of Corollary 2.2 we have for q > 0 and x ≥ 0,

Ex

(
e−qτ−

0 1(τ−
0 <∞)

)
= Px

(
eq > τ−

0

)

= Px

(
Xeq

< 0
)

= P
(
−Xeq

> x
)

= 1 − P
(
−Xeq

≤ x
)

= 1 + q

∫ x

0

W (q)(y)dy − q

Φ (q)
W (q)(x)

= Z(q)(x) − q

Φ (q)
W (q)(x). (46)

The proof for the case q = 0 follows by taking limits as q ↓ 0 on both sides of
the final equality in (46).
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(ii) Suppose that q = 0 andψ′(0+) ≥ 0 (equivalently the descending ladder height
process is not killed) then the claimed identity reads

Px

(
Xτ−

0
= 0

)
=
σ2

2
W ′(x), x ≥ 0. (47)

Note that the probability on the left hand side is also equal to the probability
that the descending ladder height subordinator creeps over x, P (ĤT̂x

= x),

where T̂x = inf{t ≥ 0 : Ĥt > x}. The identity (47) now follows directly
from a classic result of Kesten [53] which shows that the probability that
a subordinator creeps is non-zero if and only its drift coefficient is strictly
positive, in which case it is equal to the drift coefficient multiplied by its
potential density, which necessarily exists. This, together with (36) and (40),
implies that P (ĤT̂x

= x) = σ2W ′(x)/2.
When q > 0 or ψ′(0+) < 0, the formula is proved using the change of

measure (16) with c = Φ(q), q ≥ 0, and the above result together with (25).
(iii) Fix q > 0. We have for x ≥ 0,

Ex

(
e−qτ−

0 1(τ−
0 <τ

+
a )

)
= Ex

(
e−qτ−

0 1(τ−
0 <∞)

)
− Ex

(
e−qτ−

0 1(τ+
a <τ

−
0 )

)
.

Applying the Strong Markov Property at τ+a and using the fact that X creeps
upwards, we also have that

Ex

(
e−qτ−

0 1(τ+
a <τ

−
0 )

)
= Ex

(
e−qτ+

a 1(τ+
a <τ

−
0 )

)
Ea

(
e−qτ−

0 1(τ−
0 <∞)

)
.

Piecing the previous two equalities together and appealing to (42) and (5)
yields the desired conclusion. The case that q = 0 is again handled by taking
limits as q ↓ 0 on both sides of (45). Here we have used the discussion in
Sect. 2.4. �

Note that part (ii) above tallies with the earlier mentioned fact that spectrally
negative Lévy processes do not creep downwards unless they have a Gaussian
component. Note also that when σ �= 0, Lemma 2.4 tells us that the derivative
appearing on the right hand side of the density is everywhere defined for x ≥ 0.

We also give expressions for the expected occupation measure of X in a given
Borel set over its entire lifetime as well as when time is restricted up to the first
passage times τ+a , τ

−
0 and

τ := τ+a ∧ τ−
0 .

Such expected occupation measures are generally referred to as resolvents and play
an important role in establishing, for example, deeper identities concerning first
passage problems such as the one presented in Theorem 1.4.



The Theory of Scale Functions for Spectrally Negative Lévy Processes 123

Theorem 2.7 (Resolvents).

(i) For all a ≥ x ≥ 0, q ≥ 0 and Borel set A ⊆ [0, a],

Ex

[∫ ∞

0

e−qt1{Xt∈A, t<τ}dt
]

=

∫

A

{
W (q)(x)W (q)(a− y)

W (q)(a)
−W (q)(x − y)

}
dy.

(ii) For all a ≥ x and Borel sets A ⊆ (−∞, a],

Ex

[∫ ∞

0

e−qt1{Xt∈A, t<τ+
a }dt

]

=

∫

A

{
e−Φ(q)(a−x)W (q)(a− y) −W (q)(x − y)

}
dy.

(iii) For all x ≥ 0 and Borel set A ⊆ [0,∞),

Ex

[∫ ∞

0

e−qt1{Xt∈A, t<τ−
0 }dt

]
=

∫

A

{
e−Φ(q)yW (q)(x) −W (q)(x− y)

}
dy.

(iv) For all Borel set A ⊆ R

E

[∫ ∞

0

e−qt1{Xt∈A}dt
]

=

∫

A

{
(ψ′(Φ(q)+))

−1
e−Φ(q)y −W (q)(−y)

}
dy.

Sketch proof. We give an outline of the proof of (iii) from which the proof of (i)
easily follows. The remaining two identities can be obtained by taking limits of the
barriers in (i) relative to the initial position. Further details are given below. As usual
we shall perform the relevant analysis in the case that q > 0. The case that q = 0
follows by taking limits as q ↓ 0.

We start by noting that for all x, y ≥ 0 and q > 0,

R(q)(x, dy) :=

∫ ∞

0

e−qt Px
(
Xt ∈ dy, τ−

0 > t
)
dt =

1

q
Px

(
Xeq ∈ dy,Xeq

≥ 0
)
,

where eq is an independent, exponentially distributed random variable with param-
eter q > 0.

Appealing to the Wiener–Hopf factorization, specifically that Xeq − Xeq
is

independent of Xeq
, and that Xeq − Xeq

is equal in distribution to Xeq , we have
that
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R(q)(x, dy) =
1

q
P ((Xeq −Xeq

) +Xeq
∈ dy − x,−Xeq

≤ x)

=
1

q

∫

[0,x]

P
(
−Xeq

∈ dz
)
P

(
Xeq ∈ dy − x+ z

)
1{y≥x−z}.

Recall however, that Xeq is exponentially distributed with parameter Φ(q). In
addition, the law of −Xeq

has been identified in Corollary 2.2. Putting the pieces
together and making some elementary manipulations the identity in (iii) follows.

Now suppose we denote the left hand side of the identity in (i) by U (q)(x,A).
With the help of the Strong Markov Property we have that

qU (q)(x, dy) = Px

(
Xeq ∈ dy,Xeq

≥ 0, Xeq ≤ a
)

= Px

(
Xeq ∈ dy,Xeq

≥ 0
)

−Px
(
Xeq ∈ dy,Xeq

≥ 0, Xeq > a
)

= Px

(
Xeq ∈ dy,Xeq

≥ 0
)

−Px (Xτ = a, τ < eq)Pa

(
Xeq ∈ dy,Xeq

≥ 0
)
.

The first and third of the three probabilities on the right-hand side above have been
computed in the previous paragraph, the second probability may be written

Ex

(
e−qτ+

a ; τ+a < τ−
0

)
=
W (q)(x)

W (q)(a)
.

The result now follows by assembling the relevant pieces.
To deduce (ii) from (i) we observe that if a ≥ x ≥ 0, y > 0 and A ⊂ (−y, a]

then (i) allows to determine the value of the expression

Ex

[∫ ∞

0

e−qt1{Xt∈A, t<τ−
−y∧τ+

a }dt
]

= Ex+y

[∫ ∞

0

e−qt1{Xt∈A+y, t<τ−
0 ∧τ+

a+y}dt
]

=

∫

A

{
W (q)(x+ y)

W (q)(a+ y)
W (q)(a− u) −W (q)(x− u)

}
du.

Then we use Lemma 3.3 to infer the following limit

W (q)(x+ y)

W (q)(a+ y)
−−−→
y→∞ e−Φ(q)(a−x).
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The result follows by a dominated convergence argument.
Finally (iv) follows from (ii) by taking x = 0, making a tend to infinity and using

the estimate

lim
a→∞ e−Φ(q)aW (q)(a− y) =

e−Φ(q)y

ψ′(Φ(q))
,

which is also a consequence of Lemma 3.3. �
On a final note, the above resolvents easily lead to further identities of the type

given in Theorem 1.4. Indeed, suppose that N is the Poisson random measure as-
sociated with the jumps of X . That is to say, N is a Poisson random measure on
[0,∞) × (−∞, 0) with intensity dt×Π(dx). Recall that τ := τ+a ∧ τ−

0 . Then with
the help of the Compensation Formula, we have that for x ∈ [0, a], A any Borel set
in [0, a) and B any Borel set in (−∞, 0) and q ≥ 0,

Ex
(
e−qτ ;Xτ ∈ B,Xτ− ∈ A

)

= Ex

(∫

[0,∞)

∫

(−∞,0)

e−qt1(Xt−≤a,Xt−≥0,Xt−∈A)1(y∈B−Xt−)N(dt× dy)

)

= Ex

(∫ ∞

0

e−qt1(t<τ)Π(B −Xt)1(Xt∈A)dt

)

=

∫

A

Π(B − y)U (q)(x, dy), (48)

where, as noted earlier,

U (q)(x, dy) =

∫ ∞

0

e−qtPx (Xt ∈ dy, τ > t) dt.

Observe that the fact thatB is a Borel subset of (−∞, 0), allow us not to consider the
event where the process leaves the interval from below by creeping. Nevertheless,
the probability of this event has been calculated in (44).

2.5.2 First Passage Problems for Reflected Processes

The list of fluctuation identities continues when one considers the reflected pro-
cesses Y :=

{
Xt −Xt : t ≥ 0

}
and Y := {Xt −Xt : t ≥ 0}. Note that it

is easy to prove that both of these processes are non-negative strong Markov
processes. We shall henceforth denote their probabilities by

{
P x : x ∈ [0,∞)

}
and

{P x : x ∈ [0,∞)}. Note that (Y , Px) is equal in law to
{
(x ∨Xt −Xt) : t ≥ 0

}

under P and (Y , P x) is equal in law to {Xt − (Xt ∧ −x) : t ≥ 0} under P . The
following theorem is a compilation of results taken from [9] and [82]. We do not
offer proofs but instead we shall settle for remarking that the proofs use similar
techniques to those of the previous section.
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For convenience, let us define for a > 0,

σa = inf {t ≥ 0 : Y t > a} and σa = inf
{
t ≥ 0 : Y t > a

}
,

where Y t = Xt −Xt and Y t = Xt −Xt.

Theorem 2.8. Suppose that a > 0, x ∈ [0, a] and q ≥ 0. Then

(i) Ex(e
−qσa) = Z(q)(x)/Z(q)(a),

(ii) Taking W (q)′
+ (a) as the right derivative of W (q) at a,

Ex(e
−qσa) = Z(q)(a− x) − qW (q)(a− x)W (q)(a)/W

(q)′
+ (a),

(iii) For any Borel set A ∈ [0, a),

Ex

[∫ ∞

0

e−qt1{Y t∈A, t<σa}dt

]

=

∫

A

{
Z(q)(x)

Z(q)(a)
W (q)(a− y) −W (q)(x − y)

}
dy,

and
(iv) For any Borel set A ∈ [0, a),

Ex

[∫ ∞

0

e−qt1{Y t∈A, t<σa}dt

]

=

∫

A

{

W (q)(x− a)
W

(q)′
+ (y)

W
(q)′
+ (a)

−W (q)(y − x)

}

dy

+

∫

A

{

W (q)(x− a)
W (q)(0)

W
(q)′
+ (a)

}

δ0(dy).

3 Further Analytical Properties of Scale Functions

3.1 Behaviour at 0 and +∞

Ultimately we are interested in describing the “shape” of scale functions. We start
by looking at their behaviour at the origin and +∞. In order to state the results
more precisely, we recall from (15) that whenX has paths of bounded variation, we
may write it in the form Xt = δt − St, t ≥ 0, where δ > 0 and S is a pure jump
subordinator.
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Lemma 3.1. For all q ≥ 0,W (q)(0) = 0 if and only if X has unbounded variation.
Otherwise, when X has bounded variation, W (q)(0) = 1/δ.

Proof. Note that for all q > 0,

W (q)(0) = lim
β↑∞

∫ ∞

0

β e−βxW (q)(x)dx

= lim
β↑∞

β

ψ (β) − q

= lim
β↑∞

β

ψ(β)
. (49)

Recall the spatial Wiener–Hopf factorization of ψ in (34),

ψ(β) = (β − Φ(0))φ(β), β ≥ 0,

and that φ denotes the Laplace exponent of the downward ladder height subordina-
tor Ĥ . It follows that

W (q)(0) = lim
β↑∞

β

ψ(β)
= lim

β→∞
1

φ(β)
.

Now, observe that limβ→∞ φ(β) < ∞, if and only if the Lévy measure of Ĥ is a
finite measure and its drift is 0. We know this happens if and only if X has paths of
bounded variation. Indeed, this is the only case in which 0 is irregular for (−∞, 0)
and hence starting from 0 it takes a strictly positive amount of time to enter the open
lower half line. Accordingly there is finite activity over each finite time horizon
for Ĥ . The first claim of the Theorem follows. Now, assume that X has paths of
bounded variation. In this case, one may use (15) to write more simply

ψ(β) = δβ −
∫

(0,∞)

(1 − e−βx)Π(dx).

An integration by parts tells us that

ψ(β)

β
= δ −

∫ ∞

0

e−βxΠ(−∞,−x)dx, (50)

and hence, noting that bounded variation paths (equivalently σ=0 and∫
(−1,0)

|x|Π(dx) < ∞) necessarily implies that
∫
(0,1)

Π(−∞,−x)dx < ∞, it
follows that ψ(β)/β → δ as β ↑ ∞. From (49) we now see that, for all q ≥ 0,
W (q)(0) = 1/δ as claimed.

�
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Returning to (29) we see that the conclusion of the previous lemma indicates that,
precisely when X has bounded variation,

P0

(
τ+a < τ−

0

)
=
W (0)

W (a)
> 0. (51)

Note that the stopping time τ−
0 is defined with strict entry into (−∞, 0). Hence when

X has the property that 0 is irregular for (−∞, 0), it takes an almost surely positive
amount of time to exit the half line [0,∞). Since the aforementioned irregularity is
equivalent to bounded variation for this class of Lévy processes, we see that (51)
makes sense.

Next we turn to the behaviour of the right derivative ofW (q), writtenW (q)′
+ , at 0.

Lemma 3.2. For all q ≥ 0 we have

W
(q)′
+ (0) =

{
2/σ2, when σ �= 0 or Π(−∞, 0) = ∞
(Π(−∞, 0) + q)/δ2 when σ = 0 and Π(−∞, 0) < ∞,

where we understand the first case to be +∞ when σ = 0.

Proof. Using Lemma 2.3 and integrating (4) by parts we find that for θ > Φ(q),

W (q)(0+) +

∫ ∞

0

e−θxW (q)′(x)dx =
θ

ψ(θ) − q
. (52)

Using this and a standard Tauberian theorem for Laplace transforms (see for
instance [105] page 192, Theorem 4.3) we get

W
(q)′
+ (0) = lim

h→0+

W (q)(h) −W (q)(0)

h

= lim
θ→∞

θ

∫ ∞

0

e−θxW (q)′(x)dx

= lim
θ→∞

(
θ2

ψ(θ) − q
− θW (q)(0+)

)
.

Now assume that X has paths of unbounded variation so that W (q)(0+) = 0. We
have for each q ≥ 0,

W
(q)′
+ (0) = lim

θ↑∞

∫ ∞

0

θe−θxW (q)′(x)dx = lim
θ↑∞

θ2

ψ(θ) − q
.

Then dividing (34) by θ2 it is easy to prove using (36) that the limit above is equal
to 2/σ2 as required. The expression for W (q)′(0+) in the first case now follows.
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When X has bounded variation, a little more care is needed. Recall that in this
case W (q)(0+) = 1/δ, we have,

W
(q)′
+ (0)

= lim
β↑∞

β2

δβ − β
∫ ∞
0 e−βxΠ(−∞,−x)dx − q

− βW (q)(0+)

= lim
β↑∞

β2
(
1 − W (q)(0+)δ +W (q)(0+)

∫ ∞
0 e−βxΠ(−∞,−x)dx)

)
+ qβW (q)(0+)

δβ − ∫ ∞
0

βe−βxΠ(−∞,−x)dx+ q

= lim
β↑∞

1

δ

∫ ∞
0 βe−βxΠ(−∞,−x)dx+ q

δ − ∫ ∞
0 e−βxΠ(−∞,−x)dx

=
Π(−∞, 0) + q

δ2
.

In particular, if Π(−∞, 0) = ∞, then the right hand side above is equal to ∞ and
otherwise, if Π(−∞, 0) < ∞, then W (q)′(0+) is finite and equal to (Π(−∞, 0) +
q)/δ2. �

Next we look at the asymptotic behaviour of the scale function at +∞.

Lemma 3.3. For q ≥ 0 we have,

lim
x→∞ e−Φ(q)xW (q)(x) = 1/ψ′(Φ(q)),

and
lim
x→∞Z(q)(x)/W (q)(x) = q/Φ(q),

where the right hand side above is understood in the limiting sense limq↓0 q/Φ(q) =
0 ∨ (1/ψ′(0+)) when q = 0.

Proof. For the first part, recall the identity (33) which is valid for all q ≥ 0. It
follows from (22) that

W (q)(x) = eΦ(q)x
1

ψ′
Φ(q)(0+)

PΦ(q)x (X∞ ≥ 0) . (53)

Appealing to (26) we note that ψ′
Φ(q)(0+) = ψ′(Φ(q)) > 0 (which in particular

implies that X under PΦ(q) drifts to +∞) and hence

lim
x↑∞

e−Φ(q)xW (q)(x) =
1

ψ′(Φ(q))
lim
x↑∞

PΦ(q)x (X∞ ≥ 0) =
1

ψ′(Φ(q))
.

Note that from this proof we also see that WΦ(q)(+∞) = 1/ψ′(Φ(q)).
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For the second part, it suffices to compare the identity (45) as a ↑ ∞
against (42). �

3.2 Concave–Convex Properties

Lemma 3.3 implies that when q > 0, W (q) grows in a way that is asymptotically
exponential and this opens the question as to whether there are any convexity
properties associated with such scale functions for large values. Numerous appli-
cations have shown the need to specify more detail about the shape, and ultimately,
the smoothness of scale functions. See for example the discussion in Chap. 1.
In this respect, there has been a recent string of articles, each one improving of
the last, which have investigated concavity–convexity properties of scale functions
and which are based on the following fundamental observation of Renming Song.
Suppose that ψ′(0+) ≥ 0 and that

Π(x) := Π(−∞,−x),

the density of the Lévy measure of the descending ladder height process, see (36),
is completely monotone. Amongst other things, this implies that the descending
ladder height process Ĥ belongs to the class of so-called complete subordinators. A
convenience of this class of subordinators is that the potential measure associated
to Ĥ, which in this case is W , has a derivative which is completely monotone;
see for example Song and Vondraček [95]. In particular this implies that W is
concave (as well as being infinitely smooth). Loeffen [75] pushes this idea further
to the case of W (q) for q > 0 as follows. (Similar ideas can also be developed from
the paper of Rogers [87]).

Theorem 3.4. Suppose that −Π has a density which is completely monotone then
W (q) has a density on (0,∞) which is strictly convex. In particular, this implies the
existence of a constant a∗ such that W (q) is strictly concave on (0, a∗) and strictly
convex on (a∗,∞).

Proof. Recall from (25) that we may always write W (q)(x) = eΦ(q)xWΦ(q)(x),

where WΦ(q) plays the role of W under the measure PΦ(q). Recall also from the
discussion under (26) and (17) that (X,PΦ(q)) drifts to +∞, and that the Lévy mea-
sure of X under PΦ(q) is given by ΠΦ(q)(dx) = eΦ(q)xΠ(dx), x ∈ R. It follows
that under the assumptions of the Theorem that the function ΠΦ(q)(−∞,−x),
x > 0, is completely monotone. Hence the discussion preceding the statement of
Theorem 3.4 tells us that W ′

Φ(q)(x) exists and is completely monotone. According
to the definition by Song and Vondraček [95], this makes of WΦ(q) a Bernstein
function.

The general theory of Bernstein functions dictates that there necessarily exists a
triple (a,b, ξ), where a,b ≥ 0 and ξ is a measure concentrated on (0,∞) satisfying
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∫
(0,∞)(1 ∧ t)ξ(dt) < ∞, such that

WΦ(q)(x) = a+ bx+

∫

(0,∞)

(1 − e−xt)ξ(dt).

It is now a straightforward exercise to check with the help of the above identity and
the Dominated Convergence Theorem that for x > 0,

W (q)′′′(x) = f ′′′(x) +

∫

(0,Φ(q)]

(Φ(q)3eΦ(q)x − (Φ(q) − t)3e(Φ(q)−t)x)ξ(dt)

+

∫

(Φ(q),∞)

(Φ(q)3eΦ(q)x + (t− Φ(q))3e−x(t−Φ(q)))ξ(dt),

where f(x) = (a + bx)eΦ(q)x. Hence W (q)′′′(x) > 0 for all x > 0, showing that
W (q)′ is strictly convex on (0,∞) as required. �

Following additional contributions in [70], the final word on concavity–convexity
currently stands with the following theorem, taken from [78], which overlaps all of
the aforementioned results.

Theorem 3.5. Suppose that Π is log-convex. Then for all q ≥ 0, W (q) has a log-
convex first derivative.

Note that the existence of a log-convex density of −Π implies that Π is log-
convex and hence the latter is a weaker condition than the former. This is not an
obvious statement, but it can be proved using elementary analytical arguments.

3.3 Analyticity in q

Let us now look at the behaviour of W (q) as a function in q.

Lemma 3.6. For each x ≥ 0, the function q �→ W (q)(x) may be analytically
extended to q ∈ C.

Proof. For a fixed choice of q > 0,

∫ ∞

0

e−βxW (q)(x)dx =
1

ψ (β) − q

=
1

ψ (β)

1

1 − q/ψ (β)

=
1

ψ (β)

∑

k≥0

qk
1

ψ (β)
k
, (54)



132 A. Kuznetsov et al.

for β > Φ(q). The latter inequality implies that 0 < q/ψ(β) < 1. Next note that
∑

k≥0

qkW ∗(k+1) (x)

converges for each x ≥ 0 where W ∗k is the k th convolution of W with itself. This
is easily deduced once one has the estimates

W ∗(k+1) (x) ≤ xk

k!
W (x)

k+1
, x ≥ 0, (55)

which can easily be established by induction. Indeed note that if (55) holds for
k ≥ 0, then by monotonicity of W ,

W ∗(k+1) (x) ≤
∫ x

0

yk−1

(k − 1)!
W (y)kW (x− y) dy

≤ 1

(k − 1)!
W (x)

k+1
∫ x

0

yk−1 dy

=
xk

k!
W (x)

k+1
.

Returning to (54) we may now apply Fubini’s Theorem (justified by the assumption
that β > Φ(q)) and deduce that

∫ ∞

0

e−βxW (q)(x)dx =
∑

k≥0

qk
1

ψ (β)
k+1

=
∑

k≥0

qk
∫ ∞

0

e−βxW ∗(k+1) (x) dx

=

∫ ∞

0

e−βx∑

k≥0

qkW ∗(k+1) (x) dx.

Thanks to continuity of W and W (q) we have that

W (q)(x) =
∑

k≥0

qkW ∗(k+1) (x) , x ∈ R. (56)

Now noting that
∑
k≥0 q

kW ∗(k+1) (x) converges for all q ∈ C we may extend the

definition of W (q) for each fixed x ≥ 0, by the equality given in (56). �

For each c ≥ 0, denote by W (q)
c the q-scale function for (X,P c). The previous

Lemma allows us to establish the following relationship for W (q)
c with different

values of q and c.
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Lemma 3.7. For any q ∈ C and c ∈ R such that |ψ(c)| < ∞ we have

W (q)(x) = ecxW (q−ψ(c))
c (x), (57)

for all x ≥ 0.

Proof. For a given c ∈ R, such that |ψ(c)| < ∞, the identity (57) holds for q −
ψ(c) ≥ 0, on account of both left and right-hand side being continuous functions
with the same Laplace transform. By Lemma 3.6 both left- and right-hand side
of (57) are analytic in q for each fixed x ≥ 0. The Identity Theorem for analytic
functions thus implies that they are equal for all q ∈ C. �

Unfortunately a convenient relation such as (57) cannot be given for Z(q).
Nonetheless we do have the following obvious corollary.

Corollary 3.8. For each x > 0 the function q �→ Z(q)(x) may be analytically
extended to q ∈ C.

The above results allow one to push some of the identities in Sect. 2.5 further
by applying an exponential change of measure. In principle this allows one to gain
distributional information about the position of the Lévy process at first passage. We
give one example here but the reader can easily explore other possibilities.

Consider the first passage identity in (42). Suppose that v ≥ 0, then |ψ(v)| < ∞,
and assume it satisfies u > ψ(v) ∨ 0. Then with the help of the aforementioned
identity together with the change of measure (16) we have for x ∈ R,

Ex

(
e
−uτ−

0 +vX
τ

−
0 1(τ−

0 <∞)

)
= Evx

(
e−(u−ψ(v))τ−

0 1(τ−
0 <∞)

)

= evx
(
Z(p)
v (x) − p

Φv(p)
W (p)
v (x)

)
,

where p = u − ψ(v) > 0. We can develop the right hand side further using the
relationship between scale functions given in Lemma 3.7 as well as by noting that

Φv(p) = sup {λ ≥ 0 : ψv(λ) = p}
= sup {λ ≥ 0 : ψ(λ+ v) − ψ(v) = u− ψ(v)}
= sup {θ ≥ 0 : ψ(θ) = u} − v

= Φ(u) − v.

Hence we have that

Ex

(
e
−uτ−

0 +vX
τ

−
0 1(τ−

0 <∞)

)

= evx
(

1 + (u− ψ(v))

∫ x

0

e−vyW (u)(y)dy − u− ψ(v)

Φ(u) − v
e−vxW (u)(x)

)
.

(58)
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Clearly the restriction that u > ψ(v) is an unnecessary constraint for both the left
and right hand side of the above equality to be finite and it would suffice that u,
v ≥ 0. In particular for the right hand side, when u = ψ(v) it follows that Φ(u) = v
and hence the ratio (u − ψ(v))/(Φ(u) − v) should be understood in the limiting
sense. That is to say,

lim
p→0

p

Φv(p)
= lim

p→0

ψv(Φv(p))

Φv(p)
= ψ′

v(0+) = ψ′(v),

where we have used the fact that Φv(0) = 0 as ψ′
v(0+) = ψ′(v) > 0.

Note that the left hand side of (58) is analytic for complex u with a strictly
positive real part. Moreover, thanks to Lemma 3.6 and the fact that Φ(u) is a Laplace
exponent (cf. the last equality of (19)) it is also clear that the right hand side can be
analytically extended to allow for complex-valued u with strictly positive real part.
Hence once again the Identity Theorem allows us to extend the equality (58) to allow
for the case that u > 0. The case that u = 0 can be established by taking limits as
u ↓ 0 on both sides.

Careful inspection of the above argument shows that one may even relax the
constraint on v ≥ 0 to simply any v such that |ψ(v)| < ∞ in the case that the
exponent ψ(v) is finite for negative values of v.

3.4 Spectral Gap

Bertoin [17] showed an important consequence of the analytic nature of scale
functionW (q) in its argument q.

For a > 0, let τ := τ+a ∧ τ−
0 , then [17] investigates ergodicity properties of

the spectrally negative Lévy process X killed on exiting [0, a]. The main object of
concern is the killed transition kernel

P (x, t, A) = Px (Xt ∈ A; t < τ) .

Theorem 3.9. Define

ρ = inf
{
q ≥ 0 : W (−q)(a) = 0

}
.

Then ρ is finite and positive, and for any q < ρ and x ∈ (0, a), W (−q)(x) > 0.
Furthermore, the following assertions hold,

(i) ρ is a simple root of the entire function q �→ W (−q)(a),
(ii) The functionW (−ρ) is positive on (0, a) and is ρ-invariant for P (x, t, ·) in the

sense that
∫

[0,a]

P (x, t, dy)W (−ρ)(y) = e−ρtW (−ρ)(x), for any x ∈ (0, a),
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(iii) The measure W (−ρ)(a− x)dx on [0, a] is ρ-invariant in the sense that

∫

[0,a]

dy ·W (−ρ)(a− y)P (y, t, dx) = e−ρtW (−ρ)(a− x)dx,

(iv) There is a constant c > 0 such that, for any x ∈ (0, a),

lim
t↑∞

eρtP (x, t, dy) = cW (−ρ)(x)W (−ρ)(a− y)dy,

in the sense of weak convergence.

A particular consequence of the part (iv) of the previous theorem is that there
exists a constant c′ > 0 such that

Px (τ > t) ∼ c′W (−ρ)(x)e−ρt.

as t ↑ ∞. The constant ρ thus describes the rate of decay of the exit probability. By
analogy with the theory of diffusions confined to compact domains, −ρ also plays
the role of the leading eigen-value, or spectral gap, of the infinitesimal generator of
X constrained to the interval (0, a) with Dirichlet boundary conditions. From part
(i) of the above theorem, we see that the associated eigen-function is W (−ρ).

Lambert [72] strengthens this analogy with diffusions and showed further that
for each x ∈ (0, a),

eρt
W (−ρ)(Xt)

W (−ρ)(x)
1{τ>t}, t ≥ 0

is a Px martingale which, when used as a Radon–Nikodim density to change
measure, induces a new probability measure, say, P 


x . He shows moreover that this
measure corresponds to the law of X conditioned to remain in (0, a) in the sense
that for all t ≥ 0,

P 

x (A) = lim

s↑∞
Px(A|τ > t+ s), A ∈ Ft.

The role of the scale function is no less important in other types of related
conditioning. We have already alluded to its relevance to conditioning spectrally
negative Lévy processes to stay positive in the first chapter. Pistorius [81, 82] also
shows that a similar agenda to the above can be carried out with regard to reflected
spectrally negative Lévy processes.

3.5 General Smoothness and Doney’s Conjecture

Let a > 0, and recall τ = τ+a ∧ τ−
0 . It is not difficult to show from the identity (5)

that for all q ≥ 0,
e−q(t∧τ)W (q)(Xt∧τ ), t ≥ 0
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is a martingale. Indeed, we have from the Strong Markov Property that for all x ∈ R

and t ≥ 0

Ex

(
e−qτ+

a 1(τ−
0 >τ

+
a )|Ft∧τ−

0 ∧τ+
a

)

= e−qt1{t<τ}EXt

(
e−qτ+

a 1(τ−
0 >τ

+
a )

)
+ e−qτ+

a 1{τ+
a <t∧τ−

0 }

= e−q(t∧τ−
0 ∧τ+

a )
W (q)(Xt∧τ−

0 ∧τ+
a

)

W (q)(a)
,

where it should be noted that for the second equality we have used the fact that
W (q)(Xτ+

a
)/W (q)(a) = 1 and W (q)(Xτ−

0
)/W (q)(a) = 0. Note in particular, for

the last equality,X creeps downwards if and only if it has a Gaussian component in
which case W (q)(Xτ−

0
) = W (q)(0+) = 0, on the event of creeping, and otherwise

on the event that Xτ−
0
< 0, it trivially holds that W (q)(Xτ−

0
) = 0.

Naively speaking this reiterates an idea seen in the previous section that W (q)

is an eigen-function with respect to the infinitesimal generator of X with eigen-
value q. That is to say, in an appropriate sense, W (q) solves the integro-differential
equation

(Γ − q)W (q)(x) = 0 on (0, a),

where Γ is the infinitesimal generator of X, which is known to be given by

Γf(x) = μf ′(x) +
1

2
σ2f ′′(x)

+

∫

(−∞,0)

{
f(x+ y) − f(x) − f ′(x)y1{y>−1}

}
Π(dy),

for all f in its domain.
The problem with the above heuristic observation is that W (q) may not be in

the domain of Γ . In particular, for the last equality to have a classical meaning
we need at least that f ∈ C2(0, a) and

∫
(−∞,0) f(x + y)Π(dy) < ∞. This

motivates the question of how smooth scale functions are. Given the dependency of
concavity–convexity properties on the Lévy measure discussed in Sect. 3.2 as well
as the statement of Lemma 2.4, it would seem sensible to believe that a relationship
exists between the smoothness of the Lévy measure and the smoothness of the scale
function W (q). In addition, one would also expect the inclusion of a Gaussian
coefficient to have some effect on the smoothness of the scale function. Below
we give a string of recent results which have attempted to address this matter. For
notational convenience we shall writeW (q) ∈ Ck(0,∞) to mean that the restriction
of W (q) to (0,∞) belongs to the Ck(0,∞) class.

Theorem 3.10. Suppose that σ2 > 0, then for all q ≥ 0, W (q) ∈ C2(0,∞).
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Proof. As before, it is enough to consider the case where q = 0 and ψ′(0+) ≥ 0.
Indeed, in the case q > 0 or q = 0 and ψ′(0+) < 0, the identity (25) implies
W (q)(x) = eΦ(q)xWΦ(q)(x), x ∈ R; this together with the fact that WΦ(q) is the 0
scale function of a spectrally negative Lévy process whose Laplace exponent, which
is given by (26), satisfies the latter assumptions, allows us to easily deduce the result
in these cases. We know from Lemma 2.4 that when σ2 > 0, W (q) ∈ C1(0,∞).
Recall from (32) that W ′(x) = n (ε ≥ x)W (x) and hence if the limits exist, then

W ′′
+(x) := lim

ε↓0
W ′(x+ ε) −W ′(x)

ε

= − lim
ε↓0

n (ε ∈ [x, x+ ε))W (x) − n (ε ≥ x+ ε) (W (x+ ε) −W (x))

ε

= − lim
ε↓0

n (ε ∈ [x, x+ ε))

ε
W (x) + n (ε ≥ x)W ′(x+). (59)

To show that the limit on the right hand side of (59) exists, define σx =
inf {t > 0 : εt ≥ x} and Gt = σ(εs : s ≤ t). With the help of the Strong Markov
Property for the excursion process we may write

n (ε ∈ [x, x + ε)) = n (σx < ∞, ε(σx) < x+ ε, ε < x+ ε)

= n
(
1{σx<∞,ε(σx)<x+ε}n (ε < x+ ε|Gσx)

)

= n
(
1{σx<∞,ε(σx)<x+ε}P−ε(σx)

(
τ+0 < τ−

−(x+ε)

))

= n (σx < ∞, ε(σx) = x)
W (ε)

W (x+ ε)

+n

(
1{σx<∞,x<ε(σx)<x+ε}

W (x+ ε− ε(σx))

W (x+ ε)

)
. (60)

We know that spectrally negative Lévy processes which have a Gaussian
component can creep downwards. Hence for the case at hand it follows that the
event {ε(σx) = x} has non-zero n-measure.

Using the facts that W ′
+(0) = 2/σ2 and W (0+) = 0 (cf. Lemmas 3.1 and 3.2)

together with the monotonicity of W , we have that

lim sup
ε↓0

1

ε
n

(
1(ε≥x,ε(σx)∈(x,x+ε))

W (x+ ε− ε(σx))

W (x+ ε)

)

≤ 1

W (x)
lim sup
ε↓0

n (ε ≥ x, ε(σx) ∈ (x, x+ ε))
W (ε)

ε
(61)

= 0.
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In conclusion, W ′′
+(x) exists and

W ′′
+(x) = −W ′

+(0)n (ε ≥ x, ε(σx) = x) + n (ε ≥ x)W ′(x),

that is to say,

n (ε ≥ x, ε(σx) = x) =
σ2

2

{
W ′(x)2

W (x)
−W ′′

+(x)

}
. (62)

We shall now show that there exists a left second derivative W ′′
−(x) which may

replace the role ofW ′′
+(x) on the right hand side of (62). For this we need to recall a

description of the excursion measure as limit (see for instance Corollary 12 in page
88 in [36]) that states that for A ∈ Ft

n (A, t < ζ) = lim
y↓0

P̂y(A, t < τ−
0 )

y
,

and moreover this identity may be extended to stopping times. From this we may
write

n (ε ≥ x, ε(σx) = x) = lim
y↓0

P̂y

(
Xτ+

x
= x; τ+x < τ−

0

)

y
, (63)

where P̂y is the law of −X when issued from y. From part (ii) of Theorem 2.6 we
also know that

P̂y

(
Xτ+

x
= x; τ+x < ∞

)
=
σ2

2
W ′(x− y).

Using the Strong Markov Property, the above formula and the fact that X creeps
upwards it is straightforward to deduce that

P̂y

(
Xτ+

x
= x; τ−

0 < τ+x

)
=
W (x− y)

W (x)
× σ2

2
W ′(x)

and hence

P̂y(Xτ+
x

= x; τ+x < τ−
0 ) =

σ2

2

{
W ′(x− y) − W (x− y)

W (x)
W ′(x)

}
.

Returning to (63) we compute,

n (ε ≥ x, ε(σx) = x)

= lim
y↓0

σ2

2

{
W ′(x)
W (x)

W (x) −W (x− y)

y
− W ′(x) −W ′(x− y)

y

}

=
σ2

2

{
W ′(x)2

W (x)
−W ′′

−(x)

}
.
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Note that the existence ofW ′′
−(x) is guaranteed in light of (63). We see that the final

equality above is identical to (62) but with W ′′
+(x) replaced by W ′′

−(x).
Thus far we have shown that a second derivative exists everywhere. To complete

the proof, we need to show that this second derivative is continuous. To do
this, it suffices to show that n (ε ≥ x, ε(σx) = x) is continuous. To this end note
that a straightforward computation, similar to (63) but making use of Part (i) of
Theorem 2.7 and L’Hôpital’s rule to compute the relevant limit, shows that

n (ε ≥ x, ε(σx) > x) =

∫ x

0

{
W ′(x − y) − W ′(x)

W (x)
W (x− y)

}
Π(y)dy,

where we recall that Π(y) = Π(−∞,−y). Hence it is now easy to see that

n (ε ≥ x, ε(σx) = x) = n (ε ≥ x) − n (ε ≥ x, ε(σx) > x)

is continuous, thus completing the proof. �
Chan et al. [27] take a more analytical approach to the smoothness of scale

functions by exploring its connection with the classical renewal equation. They
note that, on account of (25), it suffices to consider smoothness in the case that
ψ′(0+) ≥ 0 (i.e. Φ(0) = 0). Within this regime, the basic idea is to start with the
obvious statement that under the measurePx the Lévy process will cross downwards
below zero by either creeping across it or jumping clear below it. Taking account
of (43), (44) and (48) in its limiting form as a ↑ ∞, we thus have

1 − 1

ψ′(0+)
W (x) = Px

(
τ−
0 < ∞)

= Px

(
Xτ−

0
= 0

)
+ Px

(
Xτ−

0
< 0

)

=
σ2

2
W ′(x) +

∫ ∞

0

{W (x) −W (x− y)}Π(y)dy

=
σ2

2
W ′(x) +

∫ x

0

W ′(z)Π(x− z)dz

=
σ2

2
W ′(x) +

∫ x

0

W ′(x− z)Π(z)dz, (64)

where Π(z) =
∫ ∞
z
Π(y)dy. Hence,

1 =
σ2

2
W ′(x) +

∫ x

0

W ′(x− z)

{
Π(z) +

1

ψ′(0+)

}
dz, (65)

and after a little manipulation, we arrive at the classical renewal equation

f = 1 + f � g,
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where f(x) = σ2W ′(x)/2, and g(x) = −2σ−2
∫ x
0 Π(y)dy − 2σ−2ψ′(0+)x, and

momentarily we have assumed that σ2 > 0. By engaging with the well known
convolution series solution to the renewal equation they establish the following
result, which goes beyond the scope of Theorem 3.10.

Theorem 3.11. Suppose that X has a Gaussian component and its Blumenthal-
Getoor index belongs to [0, 2), that is to say

inf

{

β ≥ 0 :

∫

|x|<1

|x|βΠ(dx) < ∞
}

∈ [0, 2).

Then for each q ≥ 0 and n = 0, 1, 2, . . ., W (q) ∈ Cn+3(0,∞) if and only if
Π ∈ Cn(0,∞).

In fact the method used to establish the above theorem can also be used to prove
Theorem 3.10. It is also apparent from the analysis of [27] that their method cannot
be applied when considering renewal equations of the form 1 = f � g, which would
be the form of the resulting renewal equation in (65) when σ = 0 with an appropriate
choice of f and g.

However when X does have paths of bounded variation, the aforementioned is
possible following an integration by parts and a little algebra in the convolution
on the right hand side of (64). In that case we take f = δW (x) and g(x) =
δ−1

∫ x
0
Π(y)dy where we recall that W (0+) = δ−1 and δ is the coefficient of

the linear drift when X is written according to the decomposition (15). Note that
this integration by parts is not possible if X has paths of unbounded variation with
no Gaussian component as the aforementioned choice of g is not finite.

The same analysis for the Gaussian case but now for the bounded variation setting
in [27] yields the following result.

Theorem 3.12. Suppose that X has paths of bounded variation and −Π has a
density π(x), such that π(x) ≤ C|x|−1−α in the neighbourhood of the origin,
for some α < 1 and C > 0. Then for each q ≥ 0 and n = 1, 2, . . ., W (q) ∈
Cn+1(0,∞) if and only if Π ∈ Cn(0,∞).

Essentially the results of [27] are primarily results about the smoothness of the
solutions to renewal (or indeed Volterra) equations which are then applied where
possible to the particular setting of scale functions. Unfortunately this means that
nothing has been said about the case that X has paths of unbounded variation and
σ = 0 to date. Moreover, the results in the last two theorems above are subject to
conditions which do not appear to be probabilistically natural other than to provide
the technical basis with which to push through their respective analytical proofs.
Nonetheless they go part way to addressing Doney’s conjecture for scale functions1

as follows.

1Curious about the results in [27], Doney produced a number of specific examples of Lévy
processes whose scale functions exhibited analytical behaviour that lead to his conjecture (personal
communication with A.E. Kyprianou).
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Conjecture 3.13. For k = 0, 1, 2, · · ·
1. If σ2 > 0 then

W ∈ Ck+3(0,∞) ⇔ Π ∈ Ck(0,∞),

2. If σ = 0 and
∫
(−1,0) |x|Π(dx) = ∞ then

W ∈ Ck+2(0,∞) ⇔ Π ∈ Ck(0,∞),

3. If σ = 0 and
∫
(−1,0) |x|Π(dx) < ∞ then

W ∈ Ck+1(0,∞) ⇔ Π ∈ Ck(0,∞).

On a final note we mention that Döring and Savov [37] have obtained further
results concerning smoothness for potential measures of subordinators which have
implications for the smoothness of scale functions. A particular result of interest
in their paper is understanding where smoothness breaks down when atoms are
introduced into the Lévy measure.

4 Engineering Scale Functions

4.1 Construction Through the Wiener–Hopf Factorization

Recall that the spatial Wiener–Hopf factorization can be expressed through the
identity

ψ(λ) = (λ − Φ(0))φ(λ), (66)

for λ ≥ 0 where φ(λ) is the Laplace exponent of the descending ladder height
process. The killing rate, drift coefficient and Lévy measure associated with φ are
given by ψ′(0+) ∨ 0, σ2/2 and

Υ (x,∞) = eΦ(0)x
∫ ∞

x

e−Φ(0)uΠ(−∞,−u)du, for x > 0,

respectively. Moreover, from this decomposition one may derive that

W (x) = eΦ(0)x
∫ x

0

e−Φ(0)y
∫ ∞

0

dt · P
(
Ĥt ∈ dy

)
, x ≥ 0. (67)

This relationship between scale functions and potential measures of subordina-
tors lies at the heart of the approach we shall describe in this section. Key to the
method is the fact that one can find in the literature several subordinators for which
the potential measure is known explicitly. Should these subordinators turn out to be
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the descending ladder height process of a spectrally negative Lévy process which
does not drift to −∞, i.e. Φ(0) = 0, then this would give an exact expression for its
scale function. Said another way, we can build scale functions using the following
approach.

Step 1. Choose a subordinator, say Ĥ, with Laplace exponent φ, for which one
knows its potential measure or equivalently, in light of (38), one can explicitly invert
the Laplace transform 1/φ(θ).

Step 2. Verify whether the relation

ψ(λ) := λφ(λ), λ ≥ 0,

defines the Laplace exponent of a spectrally negative Lévy process.

Of course, for this method to be useful we should first provide necessary and
sufficient conditions for a subordinator to be the downward ladder height process
of some spectrally negative Lévy process or equivalently a verification method for
Step 2.

The following theorem, taken from Hubalek and Kyprianou [49] (see also Vigon
[104]), shows how one may identify a spectrally negative Lévy processX (called the
parent process) for a given descending ladder height process Ĥ . The proof follows
by a straightforward manipulation of the Wiener–Hopf factorization (66).

Theorem 4.1. There is a bijection between the class of spectrally negative Lévy
processes and that of subordinators whose Lévy measure admits a non-increasing
density. More precisely, suppose that Ĥ is a subordinator, killed at rate κ ≥ 0, with
drift δ and Lévy measure Υ which is absolutely continuous with non-increasing
density. Suppose further that ϕ ≥ 0 is given such that ϕκ = 0. Then there exists a
spectrally negative Lévy process X , henceforth referred to as the “parent process,”
such that for all x ≥ 0, P(τ+x < ∞) = e−ϕx and whose descending ladder height
process is precisely the process Ĥ . The Lévy triple (a, σ,Π) of the parent process
is uniquely identified as follows. The Gaussian coefficient is given by σ =

√
2δ. The

Lévy measure is given by

Π(−∞,−x) = ϕΥ (x,∞) +
dΥ

dx
(x). (68)

Finally

a =

∫

(−∞,−1)

xΠ(dx) − κ (69)

if ϕ = 0 and otherwise when ϕ > 0

a =
1

2
σ2ϕ+

1

ϕ

∫

(−∞,0)

(eϕx − 1 − xϕ1{x>−1})Π(dx). (70)
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In all cases, the Laplace exponent of the parent process is also given by

ψ(θ) = (θ − ϕ)φ(θ), (71)

for θ ≥ 0 where φ(θ) = − logE(e−θĤ1).
Conversely, the killing rate, drift and Lévy measure of the descending ladder

height process associated to a given spectrally negative Lévy process X satisfying
ϕ = Φ(0) are also given by the above formulae.

Note that when describing parent processes later on in this text, for practical
reasons, we shall prefer to specify the triple (σ,Π, ψ) instead of (a, σ,Π). However
both triples provide an equivalent amount of information. It is also worth making an
observation for later reference concerning the path variation of the process X for a
given a descending ladder height process H .

Corollary 4.2. Given a killed subordinator H satisfying the conditions of the
previous theorem,

(i) The parent process has paths of unbounded variation if and only if Υ (0,∞) =
∞ or δ > 0,

(ii) If Υ (0,∞) = λ < ∞ then the parent process necessarily decomposes in the
form

Xt = (κ+ λ− δϕ)t+
√

2δBt − St, (72)

where B = {Bt : t ≥ 0} is a Brownian motion, S = {St : t ≥ 0} is an
independent driftless subordinator with Lévy measure ν satisfying

ν(x,∞) = ϕΥ (x,∞) +
dΥ

dx
(x)

for all x > 0.

Proof. The path variation ofX follows directly from (68) and the fact that σ =
√

2δ.
Also using (68), the Laplace exponent of the decomposition (72) can be computed
as follows with the help of an integration by parts;

(κ+ λ− δϕ)θ + δθ2 − ϕθ

∫ ∞

0

e−θxΥ (x,∞)dx − θ

∫ ∞

0

e−θxdΥ

dx
(x)dx

= (κ+ Υ (0,∞) − δϕ)θ + δθ2 − ϕ

∫ ∞

0

(1 − e−θx)
dΥ

dx
(x)dx

− θ

∫ ∞

0

e−θxdΥ

dx
(x)dx

= (θ − ϕ)

(
κ+ δθ +

∫ ∞

0

(1 − e−θx)
dΥ

dx
(x)dx

)
.
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This agrees with the Laplace exponent ψ(θ) = (θ − ϕ)φ(θ) of the parent process
constructed in Theorem 4.1. �
Example 4.3. Consider a spectrally negative Lévy process which is the parent
process of a (killed) tempered stable process. That is to say a subordinator with
Laplace exponent given by

φ(θ) = κ− cΓ (−α) ((γ + θ)α − γα) ,

where α ∈ (−1, 1) \ {0}, γ ≥ 0 and c > 0. For α, β > 0, we will denote by

Eα,β(x) =
∑

n≥0

xn

Γ (nα+ β)
, x ∈ R,

the two parameter Mittag-Leffler function. It is characterised by a pseudo-Laplace
transform. Namely, for λ ∈ R and �(θ) > λ1/α − γ,

∫ ∞

0

e−θxe−γxxβ−1Eα,β(λx
α)dx =

(θ + γ)α−β

(θ + γ)α − λ
. (73)

One easily deduces the following transformations as special examples of (73)
for θ, λ > 0, ∫ ∞

0

e−θxxα−1Eα,α(λxα)dx =
1

θα − λ
, (74)

and
∫ ∞

0

e−θxλ−1x−α−1E−α,−α(λ−1x−α)dx =
λ

λ− θα
− 1, (75)

valid for α > 0, resp. α < 0. Together with the well-known rules for Laplace trans-
forms concerning primitives and tilting allow us to quickly deduce the following
expressions for the scale functions associated to the parent process with Laplace
exponent given by (71) such that κϕ = 0.

If 0 < α < 1 then

W (x) =
eϕx

−cΓ (−α)

∫ x

0

e−(γ+ϕ)yyα−1Eα,α

(
κ+ cΓ (−α)γα

cΓ (−α)
yα

)
dy.

If −1 < α < 0, then

W (x) =
eϕx

κ+ cΓ (−α)γα

+
cΓ (−α)eϕx

(κ+ cΓ (−α)γα)2

∫ x

0

e−(γ+ϕ)yy−α−1E−α,−α

(
cΓ (−α)y−α

κ+ cΓ (−α)γα

)
dy.
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Example 4.4. Let c > 0, ν ≥ 0 and θ ∈ (0, 1) and φ be defined by

φ(λ) =
cλΓ (ν + λ)

Γ (ν + λ+ θ)
, λ ≥ 0.

Elementary but tedious calculations using the Beta integral allow to prove that φ is
the Laplace exponent of some subordinator, Ĥ. Its characteristics are κ = 0, δ = 0,

Υ (x) := Υ (x,∞) =
c

Γ (θ)
e−x(ν+θ−1) (ex − 1)θ−1 , x > 0.

Moreover, we have that ΠĤ is non-increasing and log-convex, so ΠĤ has a non-
increasing density. It follows from Theorem 4.1 that there exists an oscillating
spectrally negative Lévy process, sayX,whose Laplace exponent is ψ(λ) = λφ(λ),
λ ≥ 0, with σ = 0, and Lévy density given by −d2Υ/dx2. Using again the Beta
integral we can obtain the potential measure of Ĥ, and as a consequence the scale
function associated to X , which turns out to be given by

W (x) =
Γ (ν + θ)

cΓ (ν)
+

θ

cΓ (1 − θ)

∫ x

0

{∫ ∞

y

ez(1−ν)

(ez − 1)1+θ
dz

}
dy, x ≥ 0.

The integral that defines this scale function can be calculated using the hyperge-
ometric series. The particular case where ν = 1, c = Γ (1+θ) appears in Chaumont
et al. [31] and Patie [80].

An interesting feature of this example is that it comes together with another
example. Indeed, observe that the first derivative of W is given by,

W ′(x) =

∫ ∞

x

ez(1−ν)

(ez − 1)1+θ
dz, x ≥ 0,

which is non-increasing, convex and such that the second derivative satisfies the
integrability condition

∫ ∞
0

(1 ∧ x)|W ′′(x)|dx < ∞. So, |W ′′(x)| defines the Lévy
density of some subordinator. More precisely, the function defined by

φ∗(λ) :=
λ

φ(λ)

= λ

∫ ∞

0

e−λxdW (x)

=
Γ (ν + θ)

cΓ (ν)
+

θ

cΓ (1 − θ)

∫ ∞

0

(1 − e−λx)
ex(1−ν)

(ex − 1)1+θ
dx, λ ≥ 0,

is the Laplace exponent of some subordinatorH∗,which in turn has a Lévy measure
with a non-increasing density. Hence
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ψ∗(λ) = λφ∗(λ) =
λ2

φ(λ)
, λ ≥ 0,

defines the Laplace exponent of a spectrally negative Lévy process that drifts to ∞.
It can be easily verified by an integration by parts that the associated scale function
is given by

W ∗(x) =
c

Γ (θ)

∫ x

0

e−z(ν+θ−1)(ez − 1)θ−1dz =

∫ x

0

Υ (z)dz, x ≥ 0.

The method described in the previous example for generating two examples of
scale functions simultaneously can be formalized into a general theory that applies
to a large family of subordinators, namely that of special subordinators.

4.2 Special and Conjugate Scale Functions

In this section we introduce the notion of a special Bernstein functions and special
subordinators and use the latter to justify the existence of pairs of so called conjugate
scale functions which have a particular analytical structure. We refer the reader to
the lecture notes of Song and Vondraček [95], the recent book by Schilling et al. [92]
and the books of Berg and Gunnar [13] and Jacobs [51] for a more complete account
of the theory of Bernstein functions and their application in potential analysis.

Recall that the class of Bernstein functions coincides precisely with the class
of Laplace exponents of possibly killed subordinators. That is to say, a general
Bernstein function takes the form

φ(θ) = κ+ δθ +

∫

(0,∞)

(1 − e−θx)Υ (dx), for θ ≥ 0, (76)

where κ ≥ 0, δ ≥ 0 and Υ is a measure concentrated on (0,∞) such that
∫
(0,∞)(1∧

x)Υ (dx) < ∞.

Definition 4.5. Suppose that φ(θ) is a Bernstein function, then it is called a special
Bernstein function if

φ(θ) =
θ

φ∗(θ)
, θ ≥ 0, (77)

where φ∗(θ) is another Bernstein function. In this case we will say that the Bernstein
function φ∗ is conjugate to φ. Accordingly a possibly killed subordinator is called a
special subordinator if its Laplace exponent is a special Bernstein function.

It is apparent from its definition that φ∗ is a special Bernstein function and φ is its
conjugate. In [47] and [96] it is shown that a sufficient condition for φ to be a special
subordinator is that Υ (x,∞) is log-convex on (0,∞).
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For conjugate pairs of special Bernstein functions φ and φ∗ we shall write in
addition to (77)

φ∗(θ) = κ∗ + δ∗θ +

∫

(0,∞)

(1 − e−θx)Υ ∗(dx), θ ≥ 0, (78)

where necessarily Υ ∗ is a measure concentrated on (0,∞) satisfying
∫
(0,∞)(1 ∧ x)

Υ ∗(dx) < ∞. One may express the triple (κ∗, δ∗, Υ ∗) in terms of related quantities
coming from the conjugate φ. Indeed it is known that

κ∗ =

⎧
⎨

⎩

0, κ > 0,
(
δ +

∫
(0,∞) xΥ (dx)

)−1

, κ = 0;

and

δ∗ =

{
0, δ > 0 or Υ (0,∞) = ∞,

(κ+ Υ (0,∞))
−1
, δ = 0 and Υ (0,∞) < ∞.

(79)

Which implies in particular that κ∗κ = 0 = δ∗δ. In order to describe the measure
Υ ∗ let us denote by W (dx) the potential measure of φ. (This choice of notation is
of course pre-emptive.) Then we have that W necessarily satisfies

W (dx) = δ∗δ0(dx) + {κ∗ + Υ ∗(x,∞)} dx, for x ≥ 0,

where δ0(dx) is the Dirac measure at zero. Naturally, ifW ∗ is the potential measure
of φ∗ then we may equally describe it in terms of (κ, δ, Υ ). In fact it can be easily
shown that a necessary and sufficient condition for a Bernstein function to be special
is that its potential measure has a density on (0,∞) which is non-increasing and
integrable in the neighborhood of the origin.

We are interested in constructing a parent process whose descending ladder
height process is a special subordinator. The following theorem and corollary are
now evident given the discussion in the current and previous sections.

Theorem 4.6. For conjugate special Bernstein functions φ and φ∗ satisfying (76)
and (78) respectively, where Υ is absolutely continuous with non-increasing density,
there exists a spectrally negative Lévy process that does not drift to −∞, whose
Laplace exponent is described by

ψ(θ) =
θ2

φ∗(θ)
= θφ(θ), for θ ≥ 0, (80)

and whose scale function is a concave function and is given by

W (x) = δ∗ + κ∗x+

∫ x

0

Υ ∗(y,∞)dy. (81)
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The assumptions of the previous theorem require only that the Lévy and potential
measures associated to φ have a non-increasing density in (0,∞), respectively;
this condition on the potential measure is equivalent to the existence of φ∗. If
in addition it is assumed that the potential density be a convex function, in light
of the representation (81), we can interchange the roles of φ and φ∗, respectively, in
the previous theorem. The key issue to this additional assumption is that it ensures
the absolute continuity of Υ ∗ with a non-increasing density and hence that we can
apply the Theorem 4.1. We thus have the following Corollary.

Corollary 4.7. If conjugate special Bernstein functions φ and φ∗ exist satis-
fying (76) and (78) such that both Υ and Υ ∗ are absolutely continuous with
non-increasing densities, then there exist a pair of scale functionsW andW ∗, such
that W is concave, its first derivative is a convex function, (81) is satisfied, and

W ∗(x) = δ + κx+

∫ x

0

Υ (y,∞)dy. (82)

Moreover, the respective parent processes are given by (80) and

ψ∗(θ) =
θ2

φ(θ)
= θφ∗(θ). (83)

It is important to mention that the converse of the previous Theorem and
Corollary hold true but we omit a statement and proof for sake of brevity and refer
the reader to the article [68] for further details.

For obvious reasons we shall henceforth refer to the scale functions identified
in (76) and (78) as special scale functions. Similarly, when W and W ∗ exist then
we refer to them as conjugate (special) scale functions and their respective parent
processes are called conjugate parent processes. This conjugation can be seen by
noting that thanks to (77), on x ≥ 0,

W ∗W ∗(dx) = dx.

4.3 Tilting and Parent Processes Drifting to −∞

In this section we present two methods for which, given a scale function and
associated parent process, it is possible to construct further examples of scale
functions by appealing to two procedures.

The first method relies on the following known facts concerning translating the
argument of a given Bernstein function. Let φ be a special Bernstein function with
representation given by (76). Then for any β ≥ 0 the function φβ(θ) = φ(θ + β),
θ ≥ 0, is also a special Bernstein function with killing term κβ = φ(β), drift term
dβ = d and Lévy measure Υβ(dx) = e−βxΥ (dx), x > 0, see e.g. [91] Sect. 33.
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Its associated potential measure, Wβ , has a decreasing density in (0,∞) such that
Wβ(dx) = e−βxW ′(x)dx, x > 0, where W ′ denotes the density of the potential
measure associated to φ. Moreover, let φ∗ and φ∗

β , denote the conjugate Bernstein
functions of φ and φβ , respectively. Then the following identity

φ∗
β(θ) = φ∗(θ+β)−φ∗(β)+β

∫ ∞

0

(
1 − e−θx) e−βxW ′(x)dx, θ ≥ 0, (84)

holds. Note in particular that if Υ has a non-increasing density then so does Υβ .
Moreover, if W ′ is convex (equivalently Υ ∗ has a non-increasing density) then W ′

β

is convex (equivalently Υ ∗
β has a non-increasing density). These facts lead us to the

following Lemma.

Lemma 4.8. If conjugate special Bernstein functions φ and φ∗ exist satisfying (76)
and (78) such that both Υ and Υ ∗ are absolutely continuous with non-increasing
densities, then there exist conjugate parent processes with Laplace exponents

ψβ(θ) = θφβ(θ) and ψ∗
β(θ) = θφ∗

β(θ), θ ≥ 0,

whose respective scale functions are given by

Wβ(x) = δ∗ +

∫ x

0

e−βy(κ+ Υ ∗(y,∞))dy

= e−βxW (x) + β

∫ x

0

e−βzW (z)dz, x ≥ 0,

(85)

and

W ∗
β (x) = δ + φ(β)x +

∫ x

0

(∫ ∞

y

e−βzΥ (dz)

)
dy, (86)

where we have used obvious notation.

We would like to stress that the statement in the first line of (85) corrects a
typographical error in Lemma 1 in [68]. All the statements in this Lemma, except
the equality (85), follow from the previous discussion. The equality (85) is a simple
consequence of the expression of W in (81) and an integration by parts.

The second method builds on the first to construct examples of scale functions
whose parent processes may be seen as an auxiliary parent process conditioned to
drift to −∞.

Suppose that φ is a Bernstein function such that φ(0) = 0, its associated Lévy
measure has a decreasing density and let β > 0. Theorem 4.1, as stated in its more
general form in [49], says that there exists a parent process, sayX, that drifts to −∞
such that its Laplace exponent ψ can be factorized as

ψ(θ) = (θ − β)φ(θ), θ ≥ 0.
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It follows that ψ is a convex function and ψ(0) = 0 = ψ(β), so that β is the largest
positive solution to the equation ψ(θ) = 0. Now, let Wβ be the 0-scale function
of the spectrally negative Lévy process, say Xβ, with Laplace exponent ψβ(θ) :=
ψ(θ + β), for θ ≥ 0. It is known that the Lévy process Xβ is obtained by an
exponential change of measure and can be seen as the Lévy process X conditioned
to drift to ∞, see Chap. VII in [15]. Thus the Laplace exponentψβ can be factorized
as ψβ(θ) = θφβ(θ), for θ ≥ 0, where, as before, φβ(·) := φ(β+ ·). It follows from
Lemma 8.4 in [66], that the 0-scale function of the process with Laplace exponent
ψ is related to Wβ by

W (x) = eβxWβ(x), x ≥ 0.

The above considerations thus lead to the following result which allows for the
construction of a second parent process and associated scale function over and above
the pair described in Theorem 4.6.

Lemma 4.9. Suppose that φ is a special Bernstein function satisfying (76) such
that Υ is absolutely continuous with non-increasing density and κ = 0. Fix β > 0.
Then there exists a parent process with Laplace exponent

ψ(θ) = (θ − β)φ(θ), θ ≥ 0,

whose associated scale function is given by

W (x) = δ∗eβx + eβx
∫ x

0

e−βyΥ ∗(y,∞)dy, x ≥ 0,

where we have used our usual notation.

In [68] the interested reader may find a discussion about the conjugated pairs
arising in this construction. Note that the conclusion of this Lemma can also be
derived from (40) and (81).

4.4 Complete Scale Functions

We have seen several methods that allow us to construct scale functions and pairs
of conjugate scale functions which in principle generate large families of scale
functions. In particular the method of constructing pairs of conjugate scale functions
and their tilted versions needs the hypothesis of decreasing densities for the Lévy
measures of the underlying conjugate subordinators. This may be a serious issue
because in order to verify that hypothesis one needs to determine explicitly both
densities, which can be a very hard and technical task. Luckily, there is a large class
of Bernstein functions, the so-called complete Bernstein functions, for which this
condition is satisfied automatically. Hence, our purpose in this section is to recall
some of the keys facts related to this class and its consequences.
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We begin by introducing the notion of a complete Bernstein function with
a view to constructing scale functions whose parent processes are derived from
descending ladder height processes with Laplace exponents which belong to the
class of complete Bernstein functions.

Definition 4.10. A function φ is called complete Bernstein function if there exists
an auxiliary Bernstein function η such that

φ(θ) = θ2
∫

(0,∞)

e−θxη(x)dx. (87)

It is well known that a complete Bernstein function is necessarily a special Bernstein
function (cf. [51]) and in addition, its conjugate is also a complete Bernstein
function. Moreover, from the same reference one finds that a necessary and sufficient
condition for φ to be complete Bernstein is that Υ satisfies for x > 0

Υ (dx) =

{∫

(0,∞)

e−xyγ(dy)

}

dx,

where
∫
(0,1)

1
yγ(dy) +

∫
(1,∞)

1
y2 γ(dy) < ∞. Equivalently Υ has a completely

monotone density. Another necessary and sufficient condition is that the potential
measure associated to φ has a density on (0,∞) which is completely monotone,
this is a result due to Kingman [54] and Hawkes [48]. The class of infinitely
divisible laws and subordinators related to this type of Bernstein functions has been
extensively studied by several authors, see e.g. [23,35,52,90,102] and the references
therein.

Since Υ is necessarily absolutely continuous with a completely monotone
density, it follows that any subordinator whose Laplace exponent is a complete
Bernstein function may be used in conjunction with Corollary 4.7. The following
result is now a straightforward application of the latter and the fact that from (87),
any Bernstein function η has a Laplace transform φ(θ)/θ2 where φ is complete
Bernstein.

Corollary 4.11. Let η be any Bernstein function and suppose that φ is the complete
Bernstein function associated with the latter via the relation (87). Write φ∗ for
the conjugate of φ and η∗ for the Bernstein function associated with φ∗ via the
relation (87). Then

W (x) = η∗(x) and W ∗(x) = η(x), x ≥ 0,

are conjugate scale functions with conjugate parent processes whose Laplace
exponents are given by

ψ(θ) =
θ2

φ∗(θ)
= θφ(θ) and ψ∗(θ) =

θ2

φ(θ)
= θφ∗(θ), θ ≥ 0.



152 A. Kuznetsov et al.

Again, for obvious reasons, we shall refer to the scale functions described in
the above corollary as complete scale functions. Note that W is a complete scale
function if and only if the descending ladder height subordinator has a completely
monotone density.

An interesting and useful consequence of this result is that any given Bernstein
function η is a scale function whose parent process is the spectrally negative Lévy
process whose Laplace exponent is given by ψ∗(θ) = θ2/φ(θ) where φ is given
by (87). Another interesting and straightforward consequence we capture in the
corollary below. Examples follow.

Corollary 4.12. If W is any complete scale function then so is

a+ bx+W (x), x ≥ 0,

for any a,b ≥ 0.

Example 4.13. Let 0 < α < β ≤ 1, a, b > 0 and φ be the Bernstein function
defined by

φ(θ) = aθβ−α + bθβ , θ ≥ 0.

That is, in the case where α < β < 1, φ is the Laplace exponent of a subordinator
which is obtained as the sum of two independent stable subordinators one of
parameter β − α and the other of parameter β, respectively, so that the killing and
drift term of φ are both equal to 0, and its Lévy measure is given by

Υ (dx) =

(
a(β − α)

Γ (1 − β + α)
x−(1+β−α) +

bβ

Γ (1 − β)
x−(1+β)

)
dx, x > 0.

In the case that β = 1, φ is the Laplace exponent of a stable subordinator with
parameter 1 − α and a linear drift. In all cases, the underlying Lévy measure has a
density which is completely monotone, and thus its potential density, or equivalently
the density of the associated scale function W , is completely monotone.

We recall that the two parameter Mittag-Leffler function is defined by

Eα,β(x) =
∑

n≥0

xn

Γ (nα+ β)
, x ∈ R, (88)

where α, β > 0. With the help of the transformation (73), the associated scale
function to φ can now be identified via

W ′(x) =
1

b
xβ−1Eα,β (−axα/b) , x > 0, (89)

which is a completely monotone function. Hence

ψ(θ) = θφ(θ) = aθβ−α+1 + bθβ+1, θ ≥ 0,
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is the Laplace exponent of a spectrally negative Lévy process, the parent process.
It oscillates and is obtained by adding two independent spectrally negative stable
processes with stability index β + 1 and 1 + β−α, respectively. The scale function
associated to it is given by

W (x) =
1

b

∫ x

0

tβ−1Eα,β(−atα/b)dt, x ≥ 0.

The associated conjugates are given by

φ∗(θ) =
θ

aθβ−α + bθβ
, ψ∗(θ) =

θ2

aθβ−α + bθβ
, θ ≥ 0,

and

W ∗(x) =
a

Γ (2 − β + α)
x1−β+α +

b

Γ (2 − β)
x1−β , x ≥ 0. (90)

The subordinator with Laplace exponent φ∗ has zero killing and drift terms and
its Lévy measure is obtained by taking the derivative of the expression in (89).
By Theorem 4.1 the spectrally negative Lévy process with Laplace exponent ψ∗,
oscillates, has unbounded variation, has zero Gaussian term, and its Lévy measure
is obtained by taking the second derivative of the expression in (89).

One may mention here that by letting a ↓ 0 the Continuity Theorem for Laplace
transforms tells us that for the case φ(θ) = bθβ , the associated ψ is the Laplace
exponent of a spectrally negative stable process with stability parameter 1 + β, and
its scale function is given by

W (x) =
1

bΓ (1 + β)
xβ , x ≥ 0.

The associated conjugates are given by

φ∗(θ) = b−1θ1−β , ψ∗(θ) = b−1θ2−β , θ ≥ 0,

and

W ∗(x) =
b

Γ (2 − β)
x1−β , x ≥ 0.

So that φ∗ (respectivelyψ∗) corresponds to a stable subordinator of parameter 1−β,
zero killing and drift terms (respectively, to a oscillating spectrally negative stable
Lévy process with stability index 2 − β), and so its Lévy measure is given by

Π∗(−∞,−x) =
β(1 − β)

bΓ (1 + β)
xβ−2, x ≥ 0.

To complete this example, observe that the change of measure introduced in
Lemma 4.8 allows us to deal with the Bernstein function
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φ(θ) = k(θ +m)β−α + b(θ +m)β, θ ≥ 0,

where m ≥ 0 is a fixed parameter. In this case we get that there exists a spectrally
negative Lévy process whose Laplace exponent is given by

ψ(θ) = kθ(θ +m)β−α + bθ(θ +m)β , θ ≥ 0,

and its associated scale function is given by

W (x) =
1

b

∫ x

0

e−mttβ−1Eα,β(−atα/b)dt, x ≥ 0.

The respective conjugates can be obtained explicitly but we omit the details given
that the expressions found are too involved.

We can now use the construction in Sect. 4.3. For m, a, b > 0, 0 < α < β < 1,
there exists a parent process drifting to −∞ and with Laplace exponent

ψ(θ) = (θ −m)
(
aθβ−α + bθβ

)
, θ ≥ 0.

It follows from the previous calculations that the scale function associated to the
parent process with Laplace exponent ψ is given by

W (x) =
emx

b

∫ x

0

e−mttβ−1Eα,β(−atα/b)dt, x ≥ 0.

Example 4.14. Consider the case of a spectrally negative stable process with index
γ ∈ (1, 2). Its Laplace exponent is given by ψ(θ) = θγ and its scale function is
given byW (x) = xγ−1/Γ (γ). Corollary 4.12 predicts that 1 +xγ−1/Γ (γ), x ≥ 0,
is a scale function of a process whose Laplace exponent is given by

(
1

θ
+

1

θγ

)−1

=
θ2

θ2−γ + θ
, θ ≥ 0.

Note that this example can also be recovered from (90) with an appropriate choice
of constants.

4.5 Generating Scale Functions via an Analytical
Transformation

In Chazal et al. [32] it was shown that whenever ψ is the Laplace exponent of a
spectrally negative Lévy process then so is

Tδ,βψ
(q)(u) :=

u+ β − δ

u+ β
ψ(q)(u+ β) − β − δ

β
ψ(q)(β), u ≥ −β, u ≥ 0,
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where ψ(q)(u) = ψ(u) − q, δ, β ≥ 0 and ψ(q)′(0+) = q = 0 if β = 0 < δ. When
β = δ = 0 we understand T0,0ψ

(q)(u) = ψ(q)(u). Note that ψ(q) is the Laplace
exponent of a spectrally negative Lévy process possibly killed at an independent
and exponentially distributed random time with rate q ≥ 0. In the usual way, when
q = 0 we understand there to be no killing. Moreover, the characteristics of the
Lévy process with Laplace exponent Tδ,βψ are also described in the aforementioned
paper through the following result.

Proposition 4.15. Fix δ, β ≥ 0 with the additional constraint that ψ(q)′(0+) =
q = 0 if β = 0 < δ. If ψ(q) has Gaussian coefficient σ and jump measure Π then
Tδ,βψ

(q) also has Gaussian coefficient σ and its Lévy measure is given by

eβxΠ(dx) + δeβxΠ(x)dx + δ
κ

β
eβxdx on (−∞, 0),

where Π(x) = Π(−∞,−x).
In particular we note that Tδ,βψ

(q) is the Laplace exponent of a spectrally negative
Lévy process without killing, i.e. Tδ,βψ

(q)(0) = 0.
It turns out that this transformation can be used in a very straightforward way

in combination with the definition of q-scale functions to generate new examples.
Note for example that for a given ψ and q ≥ 0 we have

∫ ∞

0

e−θxW (q)(x)dx =
1

ψ(q)(θ)
, for θ > Φ(q),

and hence it is natural to use this transformation to help find the Laplace inverse (if
it exists ) of

1

Tδ,βψ(q)(θ)
,

for β sufficiently large to give an expression for WTβ,δψ(q) , the 0-scale function

associated with the spectrally negative Lévy process whose exponent is Tβ,δψ
(q).

The following result, taken from [32] does exactly this. Note that the first conclusion
in the theorem gives a similar result to the conclusion of Lemma 4.8 without the
need for the descending ladder height to be special.

Theorem 4.16. Let x, β ≥ 0 such that ψ′(0+) = q = 0 if β = 0 < δ. Then,

WTβ,βψ(q)(x) = e−βxW (q)(x) + β

∫ x

0

e−βyW (q)(y)dy. (91)

Moreover, if ψ′(0+) ≤ 0, then for any x, δ, q ≥ 0 we have

WTδ,Φ(0)ψ(q)(x) = e−Φ(0)x
(
W (q)(x) + δeδx

∫ x

0

e−δyW (q)(y)dy

)
.
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Proof. The first assertion is proved by observing that

∫ ∞

0

e−θxWTβ,βψ(q)(x)dx =
θ + β

θψ(θ + β)

=
1

ψ(θ + β)
+

β

θψ(θ + β)
,

which agrees with the Laplace transform of the right hand side of (91).
For the second claim, first note that Tδ,θψ

(q) = (θ+Φ(0)− δ)ψ(θ+Φ(0))/(θ+
Φ(0)). A straightforward calculation shows that for all θ + δ > Φ(0), we have

∫ ∞

0

e−θxe(Φ(0)−δ)xWTδ,Φ(0)ψ(q)(x)dx =
θ + δ

θψ(θ + δ)
.

The result now follows from the first part of the theorem. �
Below we give an example of how this theory can be easily applied to generate

new scale functions from those of (tempered) scale functions.

Example 4.17. Let

ψ(q)
c (θ) = (θ + c)α − cα − q for θ ≥ −c,

where 1 < α < 2 and q, c ≥ 0. This is the Laplace exponent of an unbounded
variation tempered stable spectrally negative Lévy process ξ killed at an independent
and exponentially distributed time with rate q. In the case that c = 0, the underlying
Lévy process is a spectrally negative α-stable Lévy process. In that case it is known
that ∫ ∞

0

e−θxxα−1Eα,α(qxα)dx =
1

θα − q
,

and hence the scale function is given by

W
ψ

(q)
0

(x) = xα−1Eα,α(qxα),

for x ≥ 0. (Note in particular that when q = 0 the expression for the scale function
simplifies to Γ (α)−1xα−1). Since

∫ ∞

0

e−θxe−cxW
ψ

(q+cα)
0

(x)dx =
1

(θ + c)α − cα − q
,

it follows that

W
ψ

(q)
c

(x) = e−cxW
ψ

(q+cα)
0

(x) = e−cxxα−1Eα,α((q + cα)xα).

Appealing to the first part of Theorem 4.16 we now know that for β ≥ 0,
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W
Tβψ

(q)
c

(x) = e−(β+c)xxα−1Eα,α((q + cα)xα)

+ β

∫ x

0

e−(β+c)yyα−1Eα,α((q + cα)yα)dy.

Note that ψ(q)′
c (0+) = αcα−1 which is zero if and only if c = 0. We may use the

second and third part of Theorem 4.16 in this case. Hence, for any δ > 0, the scale
function of the spectrally negative Lévy process with Laplace exponent Tδ,0ψ

(0)
0 is

W
Tδ,0ψ

(0)
0

(x) =
1

Γ (α− 1)
eδx

∫ x

0

e−δyyα−2dy

=
δα−1

Γ (α− 1)
eδxΓ (α− 1, δx),

where we have used the recurrence relation for the Gamma function and Γ (a, b)
stands for the incomplete Gamma function of parameters a, b > 0. Moreover, we
have, for any β > 0,

W
T β

δ,0
ψ

(0)
0

(x) =
1

Γ (α− 1)

(
βα

β − δ
Γ (α− 1, βx) − e(β−δ)x δα

β − δ
Γ (α− 1, δx)

)
.

Finally, the scale function of the spectrally negative Lévy process with Laplace
exponent T β

δ,0ψ
(q)
0 is given by

W
T β

δ,0ψ
(q)
0

(x) =
β

β − δ
(x/β)α−1Eα,α−1

(
x;
q

β

)

− δ

β − δ
e−(β−δ)x(x/δ)α−1Eα,α−1

(
x;
q

δ

)
,

where we have used the notation

Eα,β (x; q) =

∞∑

n=0

Γ (x;αn+ β)qn

Γ (αn+ β)
.

5 Numerical Analysis of Scale Functions

5.1 Introduction

The methods presented in the previous chapters for producing closed form expres-
sions for scale functions are generous in the number of examples they provide, but
also have their limitations. This is not surprising, since the scale function is defined
via its Laplace transform, and in most cases it is not possible to find an explicit
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expression for the inverse of a Laplace transform. Our main objective in this chapter
is to present several numerical methods which allow one to compute scale functions
for a general spectrally negative Lévy process. As we will see, these computations
can be done quite easily and efficiently, however there are a few tricks that one
should be aware of. Our second goal is to discuss two very special families of
Lévy processes, i.e. processes with jumps of rational transform and Meromorphic
processes, for which the scale function can be computed essentially in closed form.

The problem of numerical evaluation of the scale function and other related
quantities has received some attention in the literature. In particular, Rogers [89]
computes the distribution of the first passage time for spectrally negative Lévy
processes by inverting the two-dimensional Laplace transform. The main tool is
the discretization of the Bromwich integral and the application of Euler summation
in order to improve convergence. We will describe the one dimensional version
of this method in Sect. 5.3.2. Surya [99] presents an algorithm for evaluating the
scale function using exponential dampening followed by Laplace inversion; the
latter performed in a similar way as Rogers [89]. In a recent paper Veillette and
Taqqu [103] compute the distribution of the first passage time for subordinators
using two techniques. These are the discretization of the Bromwich integral and
Post-Widder formula coupled with Richardson extrapolation. Albrecher et al. [6]
develop algorithms to compute ruin probabilities for completely monotone claim
distributions, which is equivalent to computing the scale function W (x) due to
relation (22).

In this section we will present some general ideas related to numerical evaluation
of the scale function. We adopt the same notation as in the previous chapters.
However, in order to avoid excessive technical details, we shall impose the following
condition throughout.

Assumption 1. The Lévy measure Π has at most a finite number of atoms when
X has paths of bounded variation.

Recall that the scale functionW (q)(x) is defined by the Laplace transform identity
∫ ∞

0

e−zxW (q)(x)dx =
1

ψ(z) − q
, Re(z) > Φ(q). (92)

We know from Lemma 2.4 and Corollary 2.5 that W (q)′(x) exists and is continuous
everywhere except when X has paths of bounded variation, in which case the
derivative does not exist at any point x such that an atom of the Lévy measure occurs
at −x. Since we have assumed that there exists just a finite number of these points,
we can apply standard results (such as Theorem 2.2 in [33]) and conclude that
W (q)(x) can be expressed via the Bromwich integral

W (q)(x) =
ecx

2π

∫

R

eiux

ψ(c+ iu) − q
du, x ∈ R. (93)

where c is an arbitrary constant satisfying c > Φ(q).
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In principle one could use (93) as a starting point for numerical Laplace inversion
to give W (q)(x). However, this would not be a good approach from the numerical
point of view. The problem here is the exponential factor ecx, which can be very
large and would amplify the errors present in the numerical evaluation of the
integral. Ideally we would like to choose c to be a small positive number, but this
is not possible due to the restriction c > Φ(q). Therefore this method would be
reasonable from the numerical point of view only when q = 0 and Φ(0) = 0, in
which case the function W (q)(x) does not increase exponentially fast. Indeed in
such cases there is at most linear growth. This follows on account of the fact that
when q = Φ(0) = 0 the underlying Lévy process does not drift to −∞ and W is
the renewal measure of the descending ladder height process; recall the discussion
preceding (39). Thanks to (39), this in turn implies that W (x) is a renewal function
and hence grows at most linearly as x tends to infinity.

In all other cases we would have to modify (93) in order to remove the
exponential growth of W (q)(x). It turns out that this can be done quite easily with
the help of the density of the potential measure of the dual process X̂ = −X ,
defined as

∫ ∞

0

e−qt
P(X̂t ∈ dx)dt = û(q)(x)dx. (94)

We know from Theorem 2.7 (iv), this function satisfies

W (q)(x) =
eΦ(q)x

ψ′(Φ(q))
− û(q)(x), x ≥ 0, (95)

therefore û(q)(x) is continuous on (0,∞) and has finite left and right derivatives at
every point x > 0. Theorems 3.10–3.12 give us more information on the relation
between the Lévy measure of X and the smoothness properties of û(q)(x). As we
see from identity (95), the problem of computing the scale function W (q)(x) is
equivalent to that of computing û(q)(x). Dealing with the latter turns out to be
an easier problem from the numerical point of view, providing that q ≥ 0 and
ψ′(0+) < 0 when q = 0, since in this case u(q) is bounded. To see why this is
the case, note from the earlier representation of W (q) in (53) together with (17), we
have that

û(q)(x) =
eΦ(q)x

ψ′(Φ(q))
−W (q)(x)

=
eΦ(q)x

ψ′(Φ(q))
− eΦ(q)x

1

ψ′
Φ(q)(0+)

PΦ(q)x (X∞ ≥ 0)

=
eΦ(q)x

ψ′(Φ(q))
PΦ(q)x (X∞ < 0)

=
eΦ(q)x

ψ′(Φ(q))
PΦ(q)x

(
τ−
0 < ∞)
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=
1

ψ′(Φ(q))
Ex

(
e
Φ(q)X

τ
−
0

−qτ−
0 1{τ−

0 <∞}
)

<
1

ψ′(Φ(q))
,

thereby showing boundedness. Note that similar computations to the above can be
found in Takács [100] and Bingham [21].

We need to characterize the Laplace transform of û(q)(x). The proof of the next
proposition follows easily from (95).

Proposition 5.1. Assume that Φ(q) > 0. Then for Re(z) > 0

∞∫

0

e−zx û(q)(x)dx = F (q)(z), (96)

where

F (q)(z) =
1

ψ′(Φ(q))(z − Φ(q))
− 1

ψ(z) − q
. (97)

Let us summarize our approach to computing the scale functions. When q = 0
and Φ(0) = 0 we will work with the scale function itself and will use (93) as
the starting point for our computations. As earlier noted, in this case W (q)(x) =
W (x) grows at worst linearly fast as x → +∞ and we do not need to worry about
amplifications of numerical errors. If q ≥ 0 and ψ′(0+) < 0 when q = 0 the scale
function grows exponentially fast as x → +∞, thus it is better to work with the
density of the potential measure û(q)(x), and then to recover the scale function via
relation (95). For convenience however we shall restrict ourselves to the latter case
with the following blanket assumption.

Assumption 2. We have q ≥ 0 and ψ′(0+) < 0 when q = 0.

The analysis for the case q = 0 and ψ′(0+) ≥ 0, where we work directly with the
scale function, is no different.

As we will see later, our algorithms will require the evaluation of F (q)(z) for
values of z in the half-plane Re(z) > 0. From (97) we find that F (q)(z) has a
removable singularity at z = Φ(q). It is not advisable to compute F (q)(z) via (97)
when z is close to Φ(q), as this procedure would involve subtracting two large
numbers, which would cause the loss of accuracy. There are two solutions to
this problem. One should either make sure that z is never too close to Φ(q) or
alternatively one should use the following asymptotic expression for F (q)(z).

Proposition 5.2. Define an = ψ(n)(Φ(q)) where ψ(n) is the n-th derivative of ψ.
Then as z → Φ(q)

F (q)(z) =
1

2

a2
a21

+

[
1

6

a3
a21

− 1

4

a22
a31

]
(z − Φ(q)) +O((z − Φ(q))2). (98)
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Proof. The proof follows easily by writing down the Taylor expansion of the right-
hand side in (97) centered at z = Φ(q).

As we have seen in Sect. 2.5 and in many other instances, virtually all fluctuation
identities for spectrally negative Lévy processes can be expressed in terms of the
following three objects: the scale function W (q)(x), its derivative W (q)′(x) and
a function Z(q)(x) defined by (41), which is essentially an indefinite integral of
the scale function. Therefore, in addition to the scale function itself, it is also
important to be able to compute its derivative and indefinite integral. It turns out that
computation of all these quantities can be done in exactly the same way. Again, the
first step is to remove the exponential growth as x → +∞ and express everything
in terms of the potential density û(q)(x) as follows

W (q)′(x) =
Φ(q)eΦ(q)x

ψ′(Φ(q))
− û(q)′(x), x ≥ 0, (99)

and

Z(q)(x) = 1 +
q

Φ(q)

eΦ(q)x − 1

ψ′(Φ(q))
− qv(q)(x), (100)

where we have defined

v(q)(x) =

∫ x

0

û(q)(y)dy. (101)

We see that the problem of computing W (q)′(x) and Z(q)(x) is equivalent to the
problem of computing û(q)′(x) and v(q)(x). The following result is an analogue of
Proposition 5.1 and it gives us Laplace transforms of û(q)′(x) and v(q)(x).

Proposition 5.3. Assume that q ≥ 0 and ψ′(0+) < 0 when q = 0. Then for
Re(z) > 0

∫ ∞

0

û(q)′(x)e−zxdx = zF (q)(z) +W (q)(0+) − 1

ψ′(Φ(q))
, (102)

and ∫ ∞

0

v(q)(x)e−zxdx =
F (q)(z)

z
. (103)

Proof. The proof follows from Proposition 5.1 and integration by parts.

Now we have reduced all three problems to an equivalent “standardized” form.
Equations (95), (99), (100) and Propositions (5.1) and (5.3) show that the problem
of computing ofW (q)(x), W (q)′(x) and Z(q)(x) is equivalent to a standard Laplace
inversion problem. One has an explicit expression for the function g(z), which is
analytic in the half-plane Re(z) > 0 and is equal to the Laplace transform of f(x)

∫ ∞

0

e−zxf(x)dx = g(z), Re(z) > 0, (104)
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and one wants to compute the function f(x) for several values of x > 0. From now
on we will concentrate on solving this problem.

This Laplace inversion problem has been well-studied and it has generated an
enormous amount of literature. We will just mention here an excellent textbook
by Cohen [33], very helpful reviews and research articles by Abate, Choudhury,
Whitt and Valko [1,3,4] and works of Filon [41], Bailey and Swarztrauber [12] and
Iserles [50].

This chapter is organized as follows. In Sects. 5.2 and 5.3 we present four
general numerical methods for computing f(x). The first approach starts with the
Bromwich integral and is based on Filon’s method coupled with fractional discrete
Fourier transform and Fast Fourier Transform techniques. The next three methods,
i.e. Gaver-Stehfest, Euler and Talbot algorithms, also start with the Bromwich
integral, but the discretization of this integral is done in a different way, and in
every case (except for Talbot method) some acceleration procedure is applied. These
three methods typically require multi-precision arithmetic. In Sects. 5.4 and 5.5 we
present two families of processes for which the scale function can be computed
explicitly, as a finite sum or an infinite series, which involve exponential functions,
derivative of the Laplace exponent ψ(z) and the solutions to equation ψ(z) = q.
In this case computing the scale function can be done in an extremely efficient
and accurate way, and later we will use these processes as benchmarks to test
the performance of the four general methods. In Sect. 5.6 we discuss the results
of several numerical experiments and in Sect. 5.7 we present our conclusions and
provide some recommendations on how to choose the right numerical algorithm.

5.2 Filon’s Method and Fractional Fast Fourier Transform

The starting point for Filon’s method is an expression for f(x) which identifies it as
a Bromwich integral. That is,

f(x) =
1

2πi

∫

c+iR

g(z)ezxdz, x > 0, (105)

where c is an arbitrary positive constant. Since we are only interested in f(x) for
positive values of x, Eq. (105) can be written in terms of the cosine transform as
follows,

f(x) =
2ecx

π

∫ ∞

0

Re [g(c+ iu)] cos(ux)du, x ≥ 0. (106)

Now our plan is to compute the above integral numerically.
The integral in (106) is an oscillatory integral, which means that the integrand

is an oscillating function. Evaluating oscillatory integrals is not as straightforward
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as it may seem, and one should be careful to choose the right numerical method.
For example, in (106), the cosine function can cause problems. When x is large
it oscillates rapidly with the period 2π/x. Therefore if we simply discretize this
integral using the trapezoid or Simpson’s rule, we have to make sure that the
spacing of the discretization h satisfies h � 2π/x. When x is large, this restriction
forces us to take h to be a very small number, therefore we need a huge number
of discretization points and the algorithm becomes slow and inefficient. The main
benefit of Filon’s method is that it helps one to avoid all these problems.

Filon’s method applies to computing oscillatory integrals over a finite interval
[a, b] of the form

FcG(x) =

∫ b

a

G(u) cos(ux)du. (107)

Here FcG stands for cosine transform of the function G. In order to describe the
intuition behind Filon’s method, let us revisit Simpson’s rule. It is well known that
Simpson’s rule for the integral in (107) can be obtained in the following way. We
discretize the interval [a, b], approximate function u �→ G(u) cos(ux) by the second
order Lagrange interpolating polynomials in the u-variable on each subinterval,
and then integrate this approximation over [a, b]. Filon’s method goes along the
same steps, except for one crucial difference. The function G(u) is approximated
by second order Lagrange interpolating polynomials, which is then multiplied by
cos(ux) and integrated over [a, b]. Due to the fact that the product of trigonometric
functions and polynomials can be integrated explicitly, we still have an explicit
formula. In doing this we separate the effects of oscillation and approximation. The
approximation for the function G(u) is usually quite smooth and does not change
very fast. Then any effect of oscillation disappears since we compute the integral
against cos(ux) explicitly.

Let us describe this algorithm in full detail. Our main references are [41, 43, 50].
We take N to be an integer number and define h = (b−a)/(2N) and un = a+nh,
0 ≤ n ≤ 2N . Then we denote gn = G(un), 0 ≤ n ≤ 2N and introduce the vectors
u = [u0, u1, . . . , u2N ] and g = [g0, g1, . . . , g2N ]. For k ∈ {1, 2} we define

Ck(g,u, x) =

N−1∑

n=0

g2n+k cos(xu2n+k). (108)

Next, on each subinterval [u2n, u2n+2], 0 ≤ n < N we approximate G(u) by a
Lagrange polynomial of degree two, which gives us a composite approximation of
the following form

G(u;N) =
N−1∑

n=0

1{u2n≤u<u2n+2}

[
g2n+1 +

1

2h
(g2n+2 − g2n)(u − u2n+1)

+
1

2h2
(g2n+2 − 2g2n+1 + g2n)(u− u2n+1)

2

]
.
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Multiplying this function by cos(ux), integrating over the interval [a, b] and
simplifying the resulting expression we obtain the final expression for Filon’s
method,

FcG(x;N) =

b∫

a

G(u;N) cos(ux)du (109)

= hA(hx)(G(b) sin(bx) −G(a) sin(ax))

+ hB(hx)

[
C2(g,u, x) − 1

2
(G(b) cos(bx) −G(a) cos(ax))

]

+ hC(hx)C1(g,u, x),

where

A(θ) =
1

θ
+

sin(2θ)

2θ2
− 2 sin(θ)2

θ3
, (110)

B(θ) = 2

[
1 + cos(θ)2

θ2
− sin(2θ)

θ3

]
, (111)

C(θ) = 4

[
sin(θ)

θ3
− cos(θ)

θ2

]
. (112)

Note that by construction, Filon’s approximation is exact for polynomials of degree
two or less. It is also known that the error of Filon’s approximation is O(h3),
provided that G(3)(u) is continuous, see [43].

We see that in order to evaluate Filon’s approximation (109) we have to compute
two finite sums Ck(g,u, x) defined by (108). If we want to compute FcG(x;N)
for just a single value of x then this obviously requires O(N) operations. By
the same reasoning, if we want to compute FcG(x;N) for N equally spaced
points x = [x0, x1, . . . , xN−1], then we would have to perform O(N2) operations.
However, the special structure of these sums makes it possible to perform the
latter computations in just O(N ln(N)) computations. The main idea is to use fast
Fourier transform (FFT). This works as follows. Assume that we want to compute
FcG(x;N) for Nx = N values xm = x0 + mδx, 0 ≤ m < N . We rewrite the
finite sums in (109) in the following form

Ck(g,u, xm) = Re

[

ei(a+kh)xm

N−1∑

n=0

gk,nei(2hδx)nm

]

, (113)

where we have defined gk,n = g2n+ke
i2hnx0 . Then, assuming that parameters h and

δx satisfy

hδx =
π

N
, (114)
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the expression in the right-hand side of (113) is exactly in the form of the discrete
Fourier transform (see [12]), and it is well-known that it can be evaluated for all
m = 0, 1, .., N − 1 in just O(N ln(N)) using the fast Fourier transform technique.

The restriction (114) is quite unpleasant as it does not allow us to choose the
spacing between the discretization points in the u-domain in (107) independently
of the spacing in the x-domain. However there is an easy solution to this problem,
namely the fractional discrete Fourier transform (see [12]), which is defined as a
linear transformation, which maps a vector v = [v0, v1, . . . , vN−1] into a vector
V = [V0, V1, . . . , VN−1]

Vm =
N−1∑

n=0

vne
iαnm, m = 0, 1, . . . , N − 1. (115)

It turns out that for any α ∈ R one can still compute the values of Vm for m =
0, 1, .., N − 1 in just O(N ln(N)) operations, see [12] for all the details.

Let us summarize the main steps of algorithm. First, choose a small number
c > 0, so that the factor ecx is not too large for the values of x that interest us. Then
set a = 0 and choose the value of the cutoff, i.e. a large number b > 0 such that the
integral

∫ ∞

b

Re [g(c+ iu)] cos(ux)du

is sufficiently small. Then, choose the number of discretization points N in the u-
domain and define un = nb/(2N), 0 ≤ n ≤ 2N and gn = Re [g(c+ iun)]. Choose
δx and x0 and compute the approximation (109) using the fractional Fast Fourier
Transform. This gives us N values of f(x0 +mδx) for 0 ≤ m < N , with the error
boundO(N−3), at the computational cost of O(N ln(N)) operations.

There is another trick that might be very useful when implementing Filon’s
method. In many examples the integrand Re [g(c+ iu)] in (106) changes quite
rapidly when u is small while it changes slowly for large values of u. This means
that we would have better precision and would need fewer discretization points if
we were able to place more of them near u = 0 and fewer of them for large u. This
can be easily achieved by dividing the domain of integration

∫ b

0

Re [g(c+ iu)] cos(ux)du =

n−1∑

j=0

∫ bj+1

bj

Re [g(c+ iu)] cos(ux)du, (116)

where 0 = b0 < b1 < · · · < bn = b. Each integral over [bj, bj+1] can be evaluated
using Filon’s method to produce results on the same grid of the x-variable. Choosing
bj so that the spacing bj+1−bj increases allows us to concentrate more points where
they are needed (near u = 0) and fewer points in the regions far away from u = 0.
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5.3 Methods Requiring Multi-precision Arithmetic

The methods presented in this section can give excellent performance, but the price
that one has to pay is that they all require multi-precision arithmetic. Our main
references for this section are [1,3,4,33]. These methods are grouped together since
they all give a similar expression for the approximation to f(x)

f(x) ∼ 1

x

M∑

n=0

ang

(
bn
x

)
,

where the coefficients an and bn depend only onM and do not depend on functions
f and g.

5.3.1 The Gaver-Stehfest Algorithm

The first method that we discuss is the Gaver-Stehfest algorithm, see [3] and
Sect. 7.2 in [33]. This algorithm is based on the Gaver’s approximation [44], which
can be considered as a discrete analogue of the Post-Widder formula (see Sect. 2.3
in [33])

f(x) = lim
k→∞

(−1)k

k!

(
k

x

)k+1

g(k)
(
k

t

)
.

It turns out that both Gaver’s and Post-Widder formulas have a very slow conver-
gence rate, therefore one has to apply some acceleration algorithm, such as Salzer
transformation for the Gaver’s formula, which was proposed by Stehfest [97], or
Richardson extrapolation for Post-Widder formula which was used by Veillette and
Taqqu [103].

We refer to [3] for all the details and background on the Gaver-Stehfest algorithm,
here we just present the final expression. The function f(x) is approximated by
fGS(x;M), which depends on a single integer parameter M and is defined as

fGS(x;M) =
ln(2)

x

2M∑

n=1

ang
(
n ln(2)x−1

)
, (117)

where the coefficients an are given by

an = (−1)M+n
n∧M∑

j=[(n+1)/2]

jM+1

M !

(
M

j

)(
2j

j

)(
j

n− j

)
.

Note that the coefficients an are defined as finite sums of possibly very large
numbers, and that these coefficients have alternating signs. This means that we will
lose accuracy in (117) due to subtracting very large numbers, thus we have to use
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multi-precision arithmetic to avoid this problem. Abate and Valko [1] (see also [3])
recommend the following “rule of thumb”. If we want j significant digits in our
approximation, we should set M = �1.1j� (the least integer greater than or equal to
1.1j) and set the system precision at �2.2M�. It is also useful to check the accuracy
of computation of an using the fact that

2M∑

n=1

an = 0.

We see that Gaver-Stehfest algorithm should have efficiency around 0.9/
2.2 ∼ 0.4, which is the ratio of the system precision to the number of significant
digits produced by the approximation. While algorithms presented below all have
higher efficiency, the Gaver-Stehfest algorithm has a big advantage that it does
not require the use of complex numbers. This can improve performance, since it
is faster to perform computations with real numbers than with complex numbers.
This feature is also useful, because not every multi-precision software has a built-in
support for complex numbers.

5.3.2 The Euler Algorithm

The next two algorithms are based on the Bromwich integral representation, which
follows from (105) after the change of variables of integration u �→ v/x

f(x) =
ec

2πx

∫

R

g

(
c+ iv
x

)
eivdv, x ∈ R. (118)

Note that we have also changed c �→ c/x. The main idea behind Euler algorithm
is to approximate the integral in (118) by a trapezoid rule and then apply Euler
acceleration method to improve the convergence rate. Again, all the details can be
found in [4] and [3]. We present here only the final form of this approximation

fE(x;M) =
10

M
3

x

2M∑

n=0

(−1)nanRe
[
g
((

ln
(
10

M
3

)
+ πin

)
x−1

)]
, (119)

where the coefficients an are defined as

a0 =
1

2
, an = 1, for 1 ≤ n ≤ M, a2M = 2−M ,

a2M−k = a2M−k+1 + 2−M
(
M

n

)
, for 1 ≤ n < M.

Note that while coefficients an are real, formula (119) still requires evaluation of
g(z) for complex values of z.
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In the case of Euler algorithm, Abate and Whitt [3] recommend to set M =
�1.7j� if j significant digits of are required, and then set the system precision atM .
Coefficients an can be precomputed, and the accuracy can be verified via condition

2M∑

n=0

(−1)nan = 0.

We see that the efficiency of the Euler algorithm should be around 1/1.7 ∼ 0.6.

5.3.3 The Fixed Talbot Algorithm

The Talbot algorithm [101] also starts with the integral representation (118), but then
the contour of integration is transformed so that Re(z) → −∞ on this contour. Note
that Re(z) is constant on the contour of integration in the Bromwich integral (118).
This transformation of the contour of integration has a great benefit in that the
integrand g(z) exp(zx) converges to zero much faster. On the negative side, this
method only works when (1) g(z) can be analytically continued into the domain
|arg(z)| < π, and (2) g(z) has no singularities far away from the negative half-
line. In our case these two conditions are satisfied for processes whose jumps have
completely monotone density, as in this case all of the singularities of F (q)(z) lie on
the negative half-line. Meromorphic Lévy processes, presented in Sect. 5.5, exhibit
this property for example. It is also worthy of note for future reference that such
processes are dense in the class of processes with a completely monotone jump
density. As we will see later, the Talbot method performs excellently for processes
with completely monotone jumps.

Again, we refer to [1, 3] and [33] for all the details, and present here only the
final form of the approximation

fT (x;M) =
1

x

M−1∑

n=0

Im
[
ang

(
bnx

−1
)]
, (120)

where

b0 =
2M

5
, bn =

2πn

5

(
cot

(πn
M

)
+ i

)
, for 1 ≤ n < M,

and

a0 =
i
5
eb0 , an =

(
bn − 5

2M
|bn|2

)
ebn

nπ
, for 1 ≤ n < M.

For this algorithm, Abate and Valko [1] (see also [3]) recommend using the same
precision parameters as for the Euler algorithm: one should set M = �1.7j� if
j significant digits of are required, and then set the system precision at M . The
efficiency of this algorithm should also be close to 0.6.
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5.4 Processes with Jumps of Rational Transform

It is well known that the Wiener–Hopf factorization and many related fluctuation
identities can be obtained in closed form for processes with jumps of rational
transform. The Wiener–Hopf factorization for the two-sided processes having
positive and/or negative phase-type jumps (a subclass of jumps of rational trans-
form) was studied by Mordecki [79], Asmussen et al. [8] and Pistorius [84],
while Wiener–Hopf factorization for a more general class of processes having
positive jumps of rational transform was obtained by Lewis and Mordecki [74].
The reader is also referred to older work of Borovkov [24] for related ideas on the
Wiener–Hopf factorization of random walks. Expressions for the scale functions
for spectrally negative processes with jumps of rational transform follow implicitly
from these papers, their explicit form was obtained in a recent paper by Egami and
Yamazaki [39].

In order to specify these processes, let us define the density of the Lévy measure
as follows

π(x) = 1{x<0}
m∑

j=1

aj |x|mj−1eρjx, (121)

where mj ∈ N and Re(ρj) > 0. It is easy to see that the Laplace exponent is
given by

ψ(z) =
σ2

2
z2 + μz +

m∑

j=1

aj(mj − 1)!
[
(ρj + z)−mj − ρ

−mj

j

]
(122)

and that ψ(z) is a rational function

ψ(z) =
P (z)

Q(z)
, (123)

where deg(Q) = M =
∑m

j=1mj and deg(P ) = N , where N = M + 2 (resp.
M + 1) if σ > 0 (resp. σ = 0). The next proposition gives us valuable information
about solutions of the equation ψ(z) = q.

Proposition 5.4.

(i) For q > 0 or q = 0 and ψ′(0) < 0 equation ψ(z) = q has one solution
z = Φ(q) in the half-plane Re(z) > 0 and N − 1 solutions in the half-plane
Re(z) < 0.

(ii) For q = 0 and ψ′(0) > 0 (resp. ψ′(0) = 0) equation ψ(z) = q has a solution
z = 0 of multiplicity one (resp. two) and N − 1 (resp. N − 2) solutions in the
half-plane Re(z) < 0.

(iii) There exist at most M + N − 1 complex numbers q such that the equation
ψ(z) = q has solutions of multiplicity greater than one.
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Proof. The proof of (i) and (ii) is trivial and follows from (123) and the general
theory of scale functions. Let us prove (iii). Assume that the equation ψ(z) = q has
a solution z = z0 of multiplicity greater than one, thereforeψ′(z0) = 0. Using (123)
we find that ψ′(z0) = 0 implies P ′(z0)Q(z0) − P (z0)Q(z0) = 0. The polynomial
H(z) = P ′(z)Q(z) − P (z)Q(z) has degree M + N − 1, thus there exist at most
M +N − 1 distinct points zk for which ψ′(zk) = 0, which implies that there exist
at mostM+N−1 values q, given by qk = ψ(zk), for which the equation ψ(z) = q
has solutions of multiplicity greater than one.

The statement in Proposition 5.4 (iii) is quite important for numerical calcula-
tions. While it’s proof is quite elementary, we were not able to locate this result
in the existing literature. The implication of this result is that for a generic Lévy
measure defined by (121) and general q ≥ 0 it is extremely unlikely that equation
ψ(z) = q has solutions of multiplicity greater than one. So for all practical purposes
(unless we are dealing with the case ψ′(0) = q = 0) we can assume that all the
solutions of ψ(z) = q have multiplicity equal to one, as we will see later this will
considerably simplify all the formulas.

Computing the scale function, or equivalently, the potential density û(q)(x) is a
trivial task for this class of processes. Let us consider the general case, and assume
that equation ψ(z) = q has n distinct solutions −ζ1,−ζ2, . . . ,−ζn in the half-plane
Re(z) < 0, and the multiplicity of z = −ζj is equal to nj . Due to (123) it is clear
that N − 1 =

∑n
j=1 nj . Rewriting the rational function 1/(ψ(z) − q) as partial

fractions

1

ψ(z) − q
=

1

ψ′(Φ(q))(z − Φ(q))
+

n∑

j=1

nj∑

k=1

cj,k
(z + ζj)k

, (124)

and using Proposition 5.1 we can identify û(q)(x) as follows

û(q)(x) = −
n∑

j=1

e−ζjx
nj∑

k=1

cj,k
(k − 1)!

xk−1, x > 0. (125)

Note, that if all the solutions ζi have multiplicity one, i.e. nj = 1 and n + 1 =
N = deg(P ), then (124) implies that

cj,1 =
1

ψ′(−ζj) ,

and we have a much simpler expression for the potential density

û(q)(x) = −
N−1∑

j=1

e−ζjx

ψ′(−ζj) , x ≥ 0. (126)
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We would like to stress again that Proposition 5.4 (iii) tells us that û(q)(x) can be
computed with the help of (126) for all but a finite number of q, unless we are
dealing with the case ψ′(0) = q = 0.

5.5 Meromorphic Lévy Processes

The main advantage of processes with jumps of rational transform is that the
numerical computations are very simple and straightforward. Everything boils down
to solving a polynomial equation ψ(z) = q and performing a partial fraction
decomposition of a rational function 1/(ψ(z) − q). On the negative side, it is clear
that these processes can only have compound Poisson jumps, while in applications
it is often necessary to have processes with jumps of infinite activity or even of
infinite variation. Meromorphic Lévy processes, which were recently introduced in
[65], solve precisely this problem. They allow for much more flexible modeling
of the small jump behavior, yet all the computations can be done with the same
efficiency as for processes with jumps of rational transform.

In order to define a spectrally negative Meromorphic process X , let us consider
the function

π(x) = 1{x<0}
∞∑

j=1

aje
ρjx, (127)

where the coefficients aj and ρj are positive and ρj increase to +∞ as j → +∞. It
is easily verified using a monotone convergence argument that the convergence of
the series ∑

j≥1

aj
ρ3j

< ∞

is equivalent to the convergence of the integral

∫ 0

−∞
x2π(x)dx < ∞,

see [63], thus π(x) can be used to define the density of the Lévy measure. Note that
by construction π(−x) is a completely monotone function.

Using the Lévy–Khintchine formula we find that the Laplace exponent is
given by

ψ(z) =
1

2
σ2z2 + μz + z2

∑

j≥1

aj
ρ2j(ρj + z)

, z ∈ C, (128)

and we see that ψ(z) is a meromorpic function which has only negative poles at
points z = −ρj . From the general theory we know that for q ≥ 0 equation ψ(z) = q
has a unique solution z = Φ(q) in the half-plane Re(z) > 0, and we also know that
this solution is real. It can be proven (see [63]) that the same is true for equation
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ψ(−z) = q. For q ≥ 0 all the solutions z = ζj of ψ(−z) = q in the halfplane
Re(z) ≥ 0 are real and they satisfy the interlacing property

0 ≤ ζ1 < ρ1 < ζ2 < ρ2 < . . . . (129)

When q = 0 and ψ′(0) = E[X1] ≤ 0 we have ζ1 = 0, otherwise ζ1 > 0.
The following proposition gives an explicit formula for the potential density,

generalizing (126), which is expressed in terms of the roots ζj and the first derivative
of the Laplace exponent.

Proposition 5.5.

(i) If X is Meromorphic, then for all q > 0 the function û(q)(x) is an infinite
mixture of exponential functions with positive coefficients

û(q)(x) = −
∞∑

j=1

e−ζjx

ψ′(−ζj) , x ≥ 0. (130)

(ii) If for some q > 0 the function û(q)(x) is an infinite mixture of exponential
functions with positive coefficients, then X is a Meromorphic process.

The first statement of the above proposition can be proved using Proposition 5.1
and standard analytical techniques. See for example Corollary 2 and Remark 2
in [65] as well as [64]. The second statement can be established using the same
technique as in the proof of Theorem 1 in [63]. In both cases we leave all the details
to the reader.

Proposition 5.5 shows that we can compute the potential density and the scale
function very easily, provided that we know ζj and ψ′(−ζj). There seems little
hope to find ζj explicitly for a general q ≥ 0 and hence these quantities have to
be computed numerically, which in turn requires multiple evaluations of ψ(z).
Computing ψ(z) with the help of the partial fraction decomposition (128) is not
the best way to do it, as in general the series will converge rather slowly. Therefore
it is important to find examples of Meromorphic processes for which ψ(z) can
be computed explicitly. Below we present several such examples, the details can
be found in [62, 63].

(i) θ-process with parameter λ ∈ {3/2, 5/2}

ψ(z) =
1

2
σ2z2 + μz + c(−1)λ−1/2 (α+ z/β)

λ−1
coth

(
π
√
α+ z/β

)

− c(−1)λ−1/2αλ−1 coth
(
π
√
α
)
. (131)

(ii) β-process with parameter λ ∈ (1, 2) ∪ (2, 3)

ψ(z) =
1

2
σ2z2 + μz + cB(1 + α+ z/β, 1 − λ) − cB(1 + α, 1 − λ) , (132)

where B(x, y) = Γ (x)Γ (y)/Γ (x+ y) is the Beta function.
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The admissible set of parameters is σ ≥ 0, μ ∈ R, c > 0, α > 0 and β > 0.
The parameters aj and ρj , which define the Lévy measure via (127), are given as
follows (see [62, 63]): in the case of θ-process we have

aj =
2

π
cβj2λ−1, ρj = β(α + j2) , (133)

and in the case of β-process

aj = cβ

(
j + λ− 2

j − 1

)
, ρj = β(α+ j) . (134)

In the case of β-process we also have an explicit formula for the density of the Lévy
measure,

π(x) = cβ
e(1+α)βx

(1 − eβx)λ
, x < 0 .

Moreover, it can be shown that the density of the Lévy measure π(x) satisfies
(up to a multiplicative constant)

π(x) ∼ |x|−λ, as x → 0− ,

π(x) ∼ eβ(1+α)x, as x → −∞ .

In particular, we see that the Lévy measure always has exponential tails and the rate
of decay of π(x) is controlled by parameters α and β. See [62,63]. The parameter c
controls the overall “intensity” of jumps, while λ is responsible for the behavior of
small jumps: if λ ∈ (1, 2) (resp. λ ∈ (2, 3)) then the jump part of the process is of
infinite activity and finite (resp. infinite) variation.

The beta family of processes is more general than the theta family, as it allows for
a greater range of the parameter λ, which gives us more flexibility in modeling the
behavior of small jumps. However, processes in the theta family have the advantage
that the Laplace exponent is given in terms of elementary functions, which helps to
implement faster numerical algorithms.

Computing the scale function for Meromorphic processes is very simple. The
first step is to compute the values of ζj , which are defined as the solutions to
ψ(−z) = q. The interlacing property (129) gives us left/right bounds for each ζj
(recall that ρj are known explicitly), thus we know that on each interval (ρj , ρj+1)
there is a unique solution to ψ(−z) = q, and this solution can be found very
efficiently using bisection/Newton’s method.

There is one additional trick that can greatly reduce the computation time for
this first step. We will explain the main idea on the example of a β-process.
Formula (134) shows that the spacing between the poles ρj is constant and is equal
to β. This fact and the behavior of ψ(z) as Re(z) → ∞ implies that for j large,
the difference ζj+1 − ζj would also be very close to β. Therefore, once we have
computed ζj for a sufficiently large j, we can use ζj + β as a starting point for
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our search for ζj+1. In practice, starting Newton’s method from this point gives
the required accuracy in just one or two iterations. A corresponding strategy can be
developed for the θ-processes: one should use the fact that

√
ρj − αβ have constant

spacing equal to
√
β.

Once we have precomputed the values of ζj , we compute the coefficients
ψ′(−ζj), which is an easy task since we have an explicit formula for ψ′(z). Now we
can evaluate û(q)(x) by truncating the infinite series in (130). Note that the infinite
series converges exponentially fast (and much faster in the case of θ-process), so
unless x is very small, one really needs just a few terms to have good precision. On
the other hand, when x is extremely small, it is better to compute the scale function
by using the information about W (q)(0+) and W (q)′

+ (0) given in Lemmas 3.1 and
3.2 and applying interpolation.

5.6 Numerical Examples

In this section we present the results of several numerical experiments. Before
we start discussing the details of these experiments, let us describe the computing
environment. All the code was written in Fortran90 and compiled with the help of
Intel R© Fortran compiler. For the methods which require multi-precision arithmetic
we have the following two options. The first one is the quad data type (standard
on Fortran90), which uses 128 bits to represent a real number and allows for
the precision of approximately 32 decimal digits. Recall that the double data
type (standard on C/C++/Fortran/Matlab and other programming languages) uses
64 bits and gives approximately 16 decimal digits. The second option is to use
MPFUN90 multi-precision library developed by Bailey [11]. This is an excellent
library for Fortran90, which is very efficient and easy to use. It allows one to perform
computations with precision of thousands of digits, though in our experiments we’ve
never used more than two hundred digits. All the computations were performed on
a standard 2008 laptop (Intel Core 2 Duo 2.5 GHz processor and 3 GB of RAM).

In our first numerical experiment we will compare the performance of the four
methods described in Sects. 5.2 and 5.3 in the case of a θ-process with λ = 3/2
(process with jumps of finite variation and infinite activity), whose Laplace exponent
is given by (131). We will consider two cases σ = 0 or σ = 0.25 and will fix the
other parameters as follows

μ = 2, c = 1, α = 1, β = 0.5.

Moreover, everywhere in this section we fix q = 0.5.
As the benchmark for this experiment, we compute the values of the scale

function W (q)(x) for one hundred values of x, given by xi = i/20, i = 1,
2, . . . , 100. This part is done using the algorithm described in Sect. 5.6. The infinite
series (130) is truncated at j = 1, 000 and the system precision is set at 200 digits
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Table 1 Computing W (q)(x) for the θ-process with σ = 0.25

Algorithm Rel. error Time (seconds) Nx M System precision

Filon (b = 107) 3.0e-12 0.18 10,000 – double (64 bits)

Gaver-Stehfest 9.2e-12 0.4 100 20 44 (MPFUN90)
Euler 9.0e-14 0.05 100 20 quad (128 bits)
Talbot 2.1e-13 0.025 100 20 quad (128 bits)

Gaver-Stehfest 2.9e-21 1.5 100 40 88 (MPFUN90)
Euler 2.7e-25 1.5 100 40 40 (MPFUN90)
Talbot 2.4e-25 0.7 100 40 40 (MPFUN90)

Gaver-Stehfest 2.2e-39 6.3 100 80 176 (MPFUN90)
Euler 2.1e-48 5.0 100 80 80 (MPFUN90)
Talbot 3.1e-49 2.5 100 80 80 (MPFUN90)

(using MPFUN90 library). This guarantees that our benchmark is within 1.0e-150
of the exact value.

Next we compute the approximation W̃ (q)(x) using Filon/Gaver-Stehfest/Euler/
Talbot algorithms for the same set of values of x. As the measure of accuracy of the
approximation we will take the maximum of the relative error

relative error = max
1≤i≤100

|W̃ (q)(xi) −W (q)(xi)|
W (q)(xi)

. (135)

Let us specify the parameters for the Filon’s method, as described in Sect. 5.2.
We truncate the integral at b = 107 (or b = 109) in (116) and divide the domain of
integration into ten sub-intervals, i.e. n = 10. Moreover, we set bj = b(j/n)5 for
j = 1, 2, . . . , n so that there are more discretization points close to u = 0. The
number of discretization points per each sub-interval [bj , bj+1] is fixed at Nx = 104

(or Nx = 105). Note that Filon’s method as described in Sect. 5.2 produces Nx
values of W (q)(x). The spacing between the points in x-domain is chosen at δx =
5/Nx. In this way the grid xm = mδx covers the whole interval [0, 5]. In order to
perform the Fast Fourier Transform we use Intel R© MKL library.

The results of this numerical experiment for computing W (q)(x) are presented
in Table 1. We see that each of the Gaver-Stehfest/Euler/Talbot algorithms produce
very accurate results. When M = 40 we obtain more than twenty significant digits
and when M = 80 we get almost fifty significant digits. The computation time
varies with each algorithm and also depends on parameters. Note that when we
use the quad date type for Euler/Talbot methods with M = 20, the computations
are very fast, on the order of one hundredth of a second. When we use MPFUN90
library the computation time increases significantly. This is due to the fact that quad
is a native data type in Fortran90 and computations done with an external multi-
precision library are slower. Next we see that Talbot algorithm is always about two
times faster than Euler method. This is due to the fact that the finite sum in (120) has
M terms while Euler method (119) requires summation of 2M+1 terms. We would
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Table 2 Computing W (q)′(x) for the θ-process with σ = 0

Algorithm Rel. error Time (seconds) Nx M System precision

Filon (b = 109) 8.0e-5 2.9 105 – double (64 bits)

Gaver-Stehfest 4.6e-12 0.45 100 20 44 (MPFUN90)
Euler 1.7e-13 0.05 100 20 quad (128 bits)
Talbot 1.5e-12 0.023 100 20 quad (128 bits)

Gaver-Stehfest 7.6e-21 1.5 100 40 88 (MPFUN90)
Euler 4.3e-25 1.4 100 40 40 (MPFUN90)
Talbot 2.9e-24 0.71 100 40 40 (MPFUN90)

Gaver-Stehfest 1.7e-38 6.3 100 80 176 (MPFUN90)
Euler 2.8e-48 4.9 100 80 80 (MPFUN90)
Talbot 9.1e-48 2.4 100 80 80 (MPFUN90)

like to stress again that the time values presented in this table are for computing the
scale function for Nx different values of x. For example, if one wants to compute
the scale function for a single value of x using Talbot method with M = 40, it
would take just seven milliseconds.

Filon’s method also performs well, computing the scale function for 10, 000
values of x with accuracy of around 12 decimal digits in just 0.18 seconds. As we
see from the table, the Talbot algorithm appears to be the most efficient. This is
not surprising given the discussion in Sect. 5.3.3 where it was pointed out that this
algorithm is well suited for processes with completely monotone jumps (see also
results by Albrecher et al. [6] on ruin probabilities for completely monotone claim
distributions).

In Table 2 we present the results of computing the first derivative of the scale
function. The results are very similar to those presented in Table 1, the major
difference now is that Filon’s method is not producing a very good accuracy. This
happens because the integrand in (106) decays very slowly (see Proposition 5.3), and
even though we have increased b and Nx, we still get only five significant digits.

For our second numerical experiment we will consider a process with jumps of
rational transform, which are not completely monotone. We define the density of
the Lévy measure as follows

π(x) = 1{x<0}e−x(1 + cos(ax)). (136)

Note that this is an example of a process which has jumps of rational transform
but whose distribution does not belong to the phase-type class. Recall that any
distribution from the phase-type class can be characterized as the time to absorption
in a finite state Markov chain with one absorbing state when the chain is started
from a particular state. One can easily see that π(−x) can not be the density of such
an absorption time, since it is equal to zero for x = (2k + 1)π/(a). The Laplace
exponent of this process can be computed using formula (122)

ψ(z) =
1

2
σ2z2 + μz +

1

z + 1
+

z + 1

(z + 1)2 + a2
− 1 − 1

1 + a2
.
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Table 3 Computing W (q)(x) for the process with jumps of rational transform

Algorithm Rel. error Time (seconds) Nx M System precision

Filon (b = 107) 1.2e-11 0.14 10 000 – double (64 bits)

Gaver-Stehfest 1.2e-5 0.06 100 20 44 (MPFUN90)
Euler 9.1e-14 0.048 100 20 quad (128 bits)
Talbot 9.2e-5 0.022 100 20 quad (128 bits)

Gaver-Stehfest 5.5e-10 0.23 100 40 88 (MPFUN90)
Euler 2.6e-25 0.44 100 40 40 (MPFUN90)
Talbot 2.8e-13 0.22 100 40 40 (MPFUN90)

Gaver-Stehfest 1.5e-27 1.2 100 80 176 (MPFUN90)
Euler 2.0e-48 1.2 100 80 80 (MPFUN90)
Talbot 2.9e-49 0.6 100 80 80 (MPFUN90)

We fix the parameters at

σ = 0.25, μ = 2, a = 4.

For this set of parameters we have Φ(q) ∼ 0.37519 (recall that we have fixed
q = 0.5 throughout this section) and all the roots of ψ(−z) = q are simple and
are located at

ζ1,2 ∼ 0.97265 ± 4.0518i, ζ3 ∼ 0.64448, ζ4 ∼ 64.7854

Once we have these roots the potential density û(q)(x) can be computed
from (126) and the scale function using relation (95). The parameters for Filon’s
method are the same as in our previous experiment with θ-process. The results are
presented in Table 3 and are seen to be similar to those of the θ-process, with the
exception that the Talbot method is not performing as well for small values of M .
This is most likely due to the fact that function F (q)(z) has non-real singularities in
the half-plane Re(z) < 0 and, as discussed in Sect. 5.3.3, this may cause problems
for the Talbot method. However, when M = 80, the Talbot method is performing
very well just as it did for the case of the θ-process.

For our final numerical experiment, we consider a spectrally negative Lévy
process with the Lévy measure defined by

Π(dx) = c11{x<0}
eλ1x

|x|1+α1
dx+ c21{x<0}

1

|x|1+α2
dx (137)

+ c3δ−a3(dx) + c41{x<−a4}exdx.

Here the admissible range of parameters is ci ≥ 0, λ1 > 0, α1 ∈ (−∞, 2) \ {0, 1},
α2 ∈ (0, 2) \ {1} and ai > 0. Using the Lévy–Khintchine formula and standard
results on tempered stable processes (see Proposition 4.2 in [34]) we find that the
Laplace exponent of X can be computed as follows
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Table 4 Parameter sets

σ μ c1 λ1 α1 c2 α2 c3 a3 c4 a4

Set 1 0 2 1 1 0.5 1 1.5 0 – 0 –
Set 2 0 2 0.05 1 −5 0.25 1.5 0 – 0 –
Set 3 0.25 2 1 1 0.5 0 – 0 – 1 1
Set 4 0 2 1 1 0.5 0 – 1 1 0 –

ψ(z) =
1

2
σ2z2 + μz + c1Γ (−α1)

[
(z + λ1)

α1 − λα1
1 − zα1λ

α1−1
1

]
(138)

+ c2Γ (−α2)z
α2 + c3

[
e−a3z − 1

]
+ c4

[
e−a4z

z + 1
− 1

]
.

We see that the Lévy measure (137) is a mixture of (a) the Lévy measure of a
tempered stable process, (b) the Lévy measure of a stable process, (c) an atom at
−a3 and (d) an exponential jump distribution shifted by −a4. Table 4 specifies
parameter choices for four different sets of Lévy processes which capture the
following characteristics.

Set 1: Jumps of infinite variation with a completely monotone Lévy density; no
Gaussian component.

Set 2: Jumps of infinite variation which have smooth, but not completely mono-
tone Lévy density; no Gaussian component.

Set 3: Jumps of infinite activity, finite variation and discontinuous Lévy density;
non-zero Gaussian component.

Set 4: Jumps of infinite activity, finite variation, the Lévy measure has an atom;
no Gaussian component.

In order to compare the performance of the algorithms we need to have a
benchmark. In this experiment we don’t have any explicit formula for the scale
function, thus we have to compute the benchmark numerically. We have chosen
to use Filon’s method for this purpose as it is quite robust. For each case we
have tried different parameters to ensure that we have at least 10–11 digits of
accuracy. For example, for the parameter Set 4 we fix b = 108, c = 0.1, divide
the interval of integration in (116) into 1,000 subintervals and set bj = b(j/n)2 for
j = 1, 2, . . . , n and n = 1, 000. Finally we fix the number of discretization points
for each subinterval at N = Nx = 5 × 106.

As in our previous numerical experiment, we compute the scale function for one
hundred values of x, given by xi = i/20, i = 1, 2, . . . , 100. The relative errors
presented below are maximum relative errors over this range of x-values.

First we compute the scale function for the parameter Set 1 and present the results
in Table 5. In this case we have a process with completely monotone jumps, and we
see that the situation is exactly the same as in our earlier experiment with θ-process.
All four methods provide good accuracy, although the Talbot algorithm is faster and
gives better accuracy.
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Table 5 Computing W (q)(x) for the process with parameter Set 1

Algorithm Rel. error Time (seconds) Nx M System precision

Filon (b = 107) 2.6e-10 0.46 10,000 – double (64 bits)

Gaver-Stehfest 1.2e-12 1.1 100 20 44 (MPFUN90)
Euler 1.3e-12 0.05 100 20 quad (128 bits)
Talbot 7.3e-13 0.024 100 20 quad (128 bits)

Table 6 Computing W (q)(x) for the process with parameter Set 2

Algorithm Rel. error Time (seconds) Nx M System precision

Filon (b = 107) 8.4e-10 0.47 10,000 – double (64 bits)

Gaver-Stehfest 3.9e-12 1.1 100 20 44 (MPFUN90)
Euler 3.9e-12 0.05 100 20 quad (128 bits)
Talbot 3.6e-12 0.024 100 20 quad (128 bits)

Table 7 Computing W (q)(x) for the process with parameter Set 3

Algorithm Rel. error Time (seconds) Nx M System precision

Filon (b = 107) 4.6e-11 0.46 10,000 – double (64 bits)

Gaver-Stehfest 3.3e-5 1.1 100 20 44 (MPFUN90)
Euler 1.4e-6 0.06 100 20 quad (128 bits)
Talbot 5.0e-3 0.028 100 20 quad (128 bits)

Gaver-Stehfest 7.0e-6 4.5 100 40 88 (MPFUN90)
Euler 9.1e-7 4.7 100 40 40 (MPFUN90)
Talbot 1.7e-3 2.3 100 40 40 (MPFUN90)

Gaver-Stehfest 1.1e-6 22 100 80 176 (MPFUN90)
Euler 3.0e-6 18 100 80 80 (MPFUN90)
Talbot 2.9e-4 8.8 100 80 80 (MPFUN90)

In Table 6 we show the results for the parameter Set 2. In this case the jumps
have smooth, but not completely monotone density. However, this does not seem to
affect the results, and the performance of all four algorithms is similar to the case of
parameter Set 1.

In Table 7 we see the first example where the jump density (and therefore the
scale function) is non-smooth. In this case we have W (q)(x) ∈ C3(0,∞) (see
Theorem 3.11), and we would expect that the discontinuity in the fourth derivative of
W (q)(x) shouldn’t affect the performance of our numerical methods. Unfortunately,
this is not the case. We see that, while Filon’s method is still performing well,
the Talbot algorithm provides only 2–3 digits of precision. The Gaver-Stehfest
and Euler algorithms do a slightly better job and produce 5–6 digits of precision.
However, when we increase M we do not see a significant decrease in the error,
and, in fact, it is not clear whether these three methods would converge to the right
values at all. This behaviour, specifically problems with Laplace inversion when the
target function is non-smooth, is quite well-known. See for example the discussion
in [4] and Sect. 14 of [2].
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Table 8 Computing W (q)(x) for the process with parameter Set 4

Algorithm Rel. error Time (seconds) Nx M System precision

Filon (b = 107) 5.3e-8 (4.6e-11) 5.1 105 – double (64 bits)

Gaver-Stehfest 1.6e-3 1.1 100 20 44 (MPFUN90)
Euler 3.2e-4 0.05 100 20 quad (128 bits)
Talbot 4.6e-3 0.024 100 20 quad (128 bits)

Gaver-Stehfest 8.0e-4 4.5 100 40 88 (MPFUN90)
Euler 3.2e-4 4.6 100 40 40 (MPFUN90)
Talbot 2.4e-3 2.2 100 40 40 (MPFUN90)

Gaver-Stehfest 3.9e-4 22 100 80 176 (MPFUN90)
Euler 8.1e-3 18 100 80 80 (MPFUN90)
Talbot 1.2e-3 8.7 100 80 80 (MPFUN90)

(a) W (q)′ (x) (b) log10(relative error) with M = 20

Fig. 1 Computing W (q)(x) for the process with parameter Set 4. The relative errors produced by
the Filon, Gaver-Stehfest, Euler and Talbot methods correspond to the green, black, blue and red
curves respectively

Finally, in Table 8 we present the most extreme case of parameter Set 4. In this
case the scale function is not even continuously differentiable, so we should expect
to see some interesting behavior of our numerical algorithms. We see that Filon’s
method is still performing very well. Indeed, the maximum relative error is around
5.3e-8. The error achieves its maximum at x = 1, which is not surprising since
this is the point where W (q)(x) is not differentiable (see Fig. 1). If we remove this
point, then the maximum relative error drops down to 4.6e-11, which is an extremely
good degree of accuracy for such non-smooth function. By contrast, the other three
algorithms are all struggling to produce even four digits of precision. Again, it is not
clear whether these algorithms converge as M increases. In particular we see that
the error of the Euler method appears to increase.

We obtain an overview of what is happening in this case by inspecting the graph
of W (q)′(x) (see Fig. 1). We see that W (q)′(x) has a jump at x = 1, which is
the point where the Lévy measure has an atom. This behavior is expected due to
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Corollary 2.5. Then we observe that while W (q)′(x) is continuous at all points
x �= 1, the second derivative W (q)′′(x) has a jump at x = 2. Although there
is no theoretical justification for the appearance of such a jump in this text, this
observation is consistent with the results on discontinuities in higher derivatives of
potential measures of subordinators obtained by Döring and Savov [37].

5.7 Conclusion

In the previous section we have presented results of several numerical experiments,
which allow us to compare the performance of four different methods for computing
the scale function.

Filon’s method has the advantage of being the most robust. We are guaranteed to
have an approximation which is withinO(N−3) of the exact value, provided that we
have chosen the cutoff b to be large enough. Another advantage of this method is that
it gives not just a single value ofW (q)(x), but an array ofN valuesW (q)(xi) (where
the xi are equally spaced) at the computational cost of justO(N ln(N)) operations.
This means that by increasing N we get a better accuracy and, at the same time,
more values ofW (q)(x), and the computational time would increase almost linearly
in N . This is different from the other three methods, where the computational time
needed to produceN values of W (q)(x) is O(NM).

At the same time, there are several disadvantages relating to Filon’s method.
First of all, this algorithm requires quite some effort to program. Secondly, when
the integrand decreases very slowly, it may be necessary to take an extremely large
value of the cutoff value b. This would have to be compensated by an increase in
the number of discretization points N (see Table 2). Finally, unlike the other three
methods, which depend on a single parameterM , Filon’s method has two important
parameters, b and N (as well as bj and n if one uses (116)), and it is not a priori
clear how to choose these parameters. Usually, reasonable values of b and N can be
found after some experimentation, which is of course time consuming.

The essential property of the other three methods, i.e the Gaver-Stehfest, Euler
and Talbot algorithms, is that all of them require multi-precision arithmetic. If the
scale function is smooth and we need just 10–12 digits of precision, then we can use
the quad (128 bits) precision, which is available in some programming languages,
such as Fortran90. In all other cases one has to use specialized software which
is capable of working with high-precision numbers. Whilst very efficient multi-
precision arithmetic libraries do exist, such as MPFUN90 by Bailey [11], they are
usually much slower than the native double/quad precision of any programming
language.

An advantage of the Gaver-Stehfest/Euler/Talbot methods is their simplicity.
These algorithms are very easy to program, and they all depend only on just a single
integer parameter M .

The performance of the Gaver-Stehfest, Euler and Talbot algorithms depends
a lot on the smoothness of the scale function W (q)(x). When W (q)(x) is not
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sufficiently smooth it might be better to use Filon’s method. When the process has
completely monotone jumps, Talbot’s algorithm is arguably preferable to the other
methods as it produces excellent accuracy. Moreover, it is almost twice as fast as
its nearest competitor, the Euler algorithm. When the process has a smooth, but not
completely monotone, jump density the Euler algorithm is recommendable. One
can still use the Talbot algorithm in this case, however, this should be done with
a caution as it is not guaranteed to work (see the discussion in Sect. 5.3.3 and the
results of our second numerical experiment).

Finally, the Gaver-Stehfest algorithm is somewhat special. It is the only algorithm
which does not require the evaluation of ψ(z) at complex values of z. Our results
show that this method is not the fastest and not the most precise, but it can still
be useful in some situations. For example, this method might be the only available
option when the Laplace exponent ψ(z) is given by a very complicated formula
which is valid for real values of z and, moreover, it is not clear how to analytically
continue it into the complex half-plane Re(z) > 0. The Gaver-Stehfest algorithm
can also be helpful when one is using multi-precision software which does not
support operations on complex numbers.
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maximum. Adv. Appl. Probab. 12 839–902 (1979)
47. J. Hawkes, On the potential theory of subordinators. Z. W. 33(2), 113–132 (1975)
48. J. Hawkes, Intersections of Markov random sets. Z. W. 37(3), 243–251 (1976)
49. F. Hubalek, A.E. Kyprianou, Old and new examples of scale functions for spectrally negative
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state branching processes with immigration. Bull. Sci. Math. 133, 355–382 (2009)

81. M.R. Pistorius, On doubly reflected completely asymmetric Lévy processes. Stochast. Proc.
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96. R. Song, Z. Vondraček, Some remarks on special subordinators. Rocky Mt. J. Math. 40,
321–337 (2010)

97. H. Stehfest, Algorithm 368: Numerical inversion of Laplace transforms. Comm. ACM 13,
47–49 (1970)

98. V.N. Suprun, Problem of destruction and resolvent of terminating processes with independent
increments. Ukranian Math. J. 28, 39–45 (1976)

99. B.A. Surya, Evaluating scale functions of spectrally negative Lévy processes. J. Appl. Probab.
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